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The student is recommended to confine his attention at first to 

•/•..•••.•^: •. : :^':a;te Articles, 

»•• • J ••! • •••• 

. ; a— «*3p4fe; 34, 38—43, 46, 50, 51, 58, 64. 

Vi^^Avi^^^*: ^^' ^-^5 in. 1,4,6,12. 

Arts. 69—76, 78, 81—83, 86, 87, 90, 99—109 omitting Cor., 110, lift— 115, 118. 



PLANE TRIGONOMETRY. 



CHAPTER I. 



ON THE METHOD OF BEPRESENTING LINES AND ANGLES, AND ON 

THE DIVISIONS OF ANGLES. 



1. The magnitudes of lines may he represenkd by edge' 
braical gtumtities. 

The . length of a line is measured by finding how many times it 
contains a fixed and definite line^ as an inch or a yard^ which has 
been previously fixed on as the unit of length. Thus> if an inch 
be taken as the unit of lengthy a line is said to be 30^ if it contain 
an inch thirty times ; and in like maimer a line is called a, if it 
contain the unit of length a times* 

2. If Unes drawn in a given direction Jrom a fixed line 
he represented hy posUive qtiontitiesy then those which are 
drawn from it in a con^ary direction wiU he represented 
hy negative quantities. 

If to a line AB measured fVom ^ 
A towards the right of the fixed line 
Ay it be required to add a given 
line> it is evident that AB must be ^ 
produced to a point C such that BC 
shall be equal to that given line; 
and if from AB a given line has to 

be taken^ a part BC must be cut off from BA equal to the given 
line, and Aff will be the required remainder. 

Let AB be represented by a, and BC by b, and make BCmBC; 
thea AC^CB^ABi 

.% AC^AB'-CBma-^h. 



s: 5L 



'A 



A. 



« 




Now if b be greater than a, C lies on the other side of A. 
And ^C = a - 6 = - (6 - a), which 
is a negative quantity equal in 
magnitude to the difference of 
the lines h and a ; which differ- ^ 
ence, it is seen^ lies in this case 
to the left of Ay, 

Hence^ if a line be represented by a negative quantity^ it is meant 
that it is measured from Ay in a direction contrary to that in which 
the lines represented by positive quantities were measured. 

3. Let XAX', YAY' be two 
fixed lines at right angles to each 
other, and produced, if necessary, 
indefinitely. Then the position of 
any point Pj in the plane of these 
lines is known, if the magnitudes 
of the perpendiculars be known 
which are let fall from P, upon 
the lines XAX' and YAT, viz. 
P,N^ and P^M (or AN,, which 
is equal to PiM). 

ANi, NiPi, are called ^^the co-ordinates of Pi," and are said 
to be ^'referred to the rectangular axes AX and AY." 

With respect to lines measured from A in the direction of the 
axis XAX^, it is usual to call those positive which are measured to 
the right of the axis YAY^, and therefore those will be negative 
which are measured to the left of YAY\ 

With respect to lines measured in the direction of YAY^, it 
is usual to call those positive which lie on the upper side of 
XAX', and therefore those will be negative which lie on the lower 
side of XAX\ 

Thus if Pi be a point in the space contained by AX and AY, 
its ordinate ^^i which is measured in the direction of XAX' is 
positive, because it lies to: the right of YAY'; and its ordinate 
N^P, measured in the direction of YAY' is positive, because it lies 
on the upper side of XAX'. But if Ps be the point, its ordinate 
AN^ measured in the direction of XAX' is negative, because it 
lies to the left of YAY'; and the ordinate N^Pa measured in 
the direction of YAY' is positive, because it lies on the upper 
side of XAX'* 

Similarly, the ordinates of Ps and P^ measured in the direction 
of XAX' are negative and positive respectively ; and the ordinates 
measured in the direction of YAY' are negative in both cases. 



J 




4. Dbp. If a straight line revolve in 
one plane round its extremity A from a 
^ven position^ as 4B, into any other po- 
sition, as AC, the inclination of -4C to AB 
is called an angle (z); and the angle is „ 
signified by the letters BAC or CAB, the 
middle letter being that placed at the 
point in which the two lines meet. 

By continuing this revolving motion, the angle may be sup- 
posed to become of any magnitude whatever. 

5. Def. If AD be equally inclined to the parts AB, AB' of 
the straight line BB', each of the angles BAD, n'AD is called a 
right angle. 

6. Def. An acute angle is less, and an obtuse angle is greater, 
than a right angle. 

7. If the angles formed hy AC revdhnng in one direction, 
{as 'BCl))Jrom the fixed line AB, he considered positive, then 
if AC revolve in the contrary direction foom AB, it wiU 
trance out negative a/ngles. 

If to the angle BAC, Fig. Art. 4, it be required to add a 
given angle, CA must move in the direction BCD through an 
angle CAE equal to the given angle, and the whole BAE will be 
the angle required. And if it be required to take a given angle 
from BAC, CA must evidently move in the contrary direction till 
it come into a position E'A, such that z CAE' is equal to the 
angle to be subtracted. 

Then z CAE + z E'AB = zBAC; 
.-. ^EAB=L BAC-z CAE\ 

Now if z CAE' be greater than z CAB, 
E'A lies on the other side of AB, 

and z E'AB = z BAC- z CAE' 

= -(z CAE' ^^ BAC), 



a negative quantity, whose magnitude is the ^"^^fi' 

difference between the angles CAE' and BAC ; which difference lies 
in this case on the lower side of AB. 

Hence, when an angle is called negative, it is meant that it 
is formed hy the revolving line moving from the fixed line in a 
direction contrary to that in which it revolved to trace out positive 
angles. 

1—2 




8. A right angle is divided by the English into 90 equal 
angles which are called degrees; a degree is subdivided into 60 
minutes, and a minute into 60 seconds. And the magnitude of 
an angle is expressed by stating how many degrees and subdivisions 
of a degree are contained in the angle. If great accuracy be re- 
quired^ the parts of an angle which are less than a second are 
expressed in decimal parts of a second. 

A degree and its subdivisions are thus indicated, 24®, SC/, S4"*7, 
which denotes an angle containiiTg 24 degrees, 50 minutes, 34 se- 
conds, and seven tenths of a second. 

9. By the French and other Continental Mathematicians, a 
right angle is divided into 100 equal angles called grades, a grade 
into 100 minutes, and a minute into 100 seconds ; and the divisions 
are thus marked, 26*, 24', 32'''47. 



F r 

Now since 1' = -r^rr = '01', and 1"" = 



1' 



100 



100 1000 



= •0001'; 



The above angle might have been written thus, 26''243247- 

Whence it appears that if the French division be adopted, 
arithmetical operations can be performed on angles in the same 
manner as on any other decimal fractions; an advantage which 
does not attend the English division of the angle. 

10. To find the relation between E emd F, the nvmber 
of Degrees cmd Grades contained in the same an^ BAC 
(Art. 14. Fig. 1.) 



In the English division, :^.SiX^i^^; 
^ ' 90» right z ' 



In the French division. 



F^ given I BAC 



100* 



right 



« 



E 



90 100' 



and ■■ 



E 
F 



10 



F 

10' 

E+- 
9' 



.(1). 
(2). 



Note. In making use of the latter of these fotmulae it will be 
to express the minutes and seconds of the angle in decimal parts of a d^gm^ 
for E represents the number of degrees in the angle. 



Ex. 1. To find how many degrees and minutes are contained 
in the angle 42', 34,\ 56'\ 



jP=42-346« 





=F- 


F 
10" 


: 4-23456 


•. E. 


F 

"10" 


3811104 








m 




6-6U24 








60 




39-744 



.*. E-=:ZSPj 6\ 39"*749 retaining the tenths and hundredths and neglecting 
the thousandth parts of a second. 

Ex. 2. Find how many grades and minutes are contained in 
the angle 24^ 51 , 45". 

First reducing the minutes and seconds to the decimal parts of a degree, 
60>46" .-. J? =24-8626 

60;6r76 g-^ 2-7626 



.8626; .-. jB+f = 27-6260 



and .-. F=27', B2\ 60". 

11. Dbf. The Complement of an angle is its defect /rom a 
right angle. 

Thus, 90"- 24®, 32* =66®, 28' is the complement of 24°, 32*. 

90»-110^ 16'=-(20o, 16') is the complement of 110*, 16'. 

12. Def, The Supplement of an angle is its defect from two 
right angles. 

Thus, 180»- 66°, 20'=123o, 40' ig the supplement of 660, 20*. 

1800-186", 12'=-(6", 12) is the supplement of 186®, 12'. 



A few examples to each chapter are placed after the third 
Appendix. 



CHAPTER 11. 

THE GONIOMETBICAL BATIOS, AND SOME FORMULA CONNECTING 

THEM WITH EACH OTHER. 



13. Def. Plane Trigonometry^ in its original mean- 
ing, implies the measuring of plane triangles ; in its extended 
signification, it treats of the formulae connecting the relationA 
of angles with each other, and of the determination of the 
parts of plane, rectilineal figures from sufficient data. 

14. Let a straight line revolve from the fixed line AB round 
the point Ay in the direction of the letters By Z), B'y Hy and 
let there be A degrees in the angle BAC, 



B 


A 


C 
B 


A 


N 


D' 







B' 



TT 



D 



jy| 



Ji 



BIN 



\sy 



J3 b: 



N B 




From any point C m AC draw CN at right angles to ABl 
produced either way if necessary; and through A draw DAiy 
it right angles to AB. 

Now, for the reasons given in Arts. 2 and 3, in these 
igures the signs of NC are +, +, — , - respectively, and 
hose of AN are +, -, — , + respectively. 



15. Definitions. See the figures of the last Article. 

NC "KC 

[. j^ is the Sine of the z BAC; or. Sin / BAC^~; 



AN . . AN 

2. -jj^ is the Cosine of the / BAC; or, Cos z BAC = -j^. 

iVC iVC 

3. -TO is the Tangent of the z BAC; or. Tan z BAC^ -j^. 

AC AC 

4. -ttTt is the Secant of the z BAC; or. Sec z BAC = -rp^. 

AN AN 

5. 1— cos z 5JC is the Versed-sine of the z BAC; 

or, Versin z BAC =1 - cos z 5^C. 

6. The tangent of the complement of the z J5-4C is called the 

Cotangent of the z jB-4C ; 

or. Cot z jB^C = tan (90« - z jB^C). 

Cor. If 90° - ^ BAC be the original angle, its complement 
is z BAC, Art. 11, 

.-. Cotan (90»- z J?^C) = tan z JS^C, 

or. Tan z J5^C = cotan (90° - z 5^C). 

7. The Secant of the Complement of the z BAC is called the 

Cosecant of the z BAC ; 

or, Cosec zBAC^ sec (90« - z jB^C). 

CoR. t If 90^— z BAC be the original angle, its complement 
is z 5-4C, Art. 11, 

.-. Cosec (90'> - z 5^C) = sec ^ BAC ; 

or. Sec z 5^C = cosec (90<> - z JS^C). 

16. The Cosine of I BAC might have been defined to be the sine of the 
Ck)mplement of Z BAC. 

For Cos z ^^C = ^= sin z ^CiV = sin (QO" - z BAC), Fig. I. 

NC 
Also, Sin Z JJ^C = -j^ = cos Z ^CiV = cos (90° - Z JB^C), 

or the Sine of an angle U equal to the Cosine of its Complement, 

For the sake of convenience an angle will generally hereafter be 
indicated by a single letter, as Sin A, Cos A, Tan B» 




8 

17- So long as the magnitude of the angle is unaltered, its 
Sine^ Cosine, Tangent^ &c. remain the same^ whatever be the mag- 
nitude of AC. 



Let D be any other point in AC^ DM perpendicular to AB. 
Then by definition, Sin ^ = ^; orSin^«^. 

But by similar triangles -j^ a ~An^ or Sin ^ is the 

same wherever in the line AC the point C be situated. 

Similarly it may be shewn that Cos A^ Tan Ay^wA ... ^ N k ft 

are invariable quantities so long as the magnitude of A remains unaltered. 

Hence, if any of the quantities Sin A, Cos A, Tan A, Sec il . . . 
be given, the angle A may be determined. 



18. Def. The Ratibs which are called the Sine, Cosine, Tan- 
gent, &c., of any angle are termed "The Goniometrlcal Ratios," 
because when any one of them is given the angle may be determined 
to which it belongs. 



19. To express Versin A, Cot A, Cosec A, in terms of the 
sides of the triangle ANC. (Fig 1. Art. ga) 

AN 

(1) Versin -4 = 1- cos -4 = 1 - -ttt* 

(2) Cot J = tan (9<y>- il) = tan ACN 

NA 
= VfTv, by def. of the tangent. 

(3) Cosec A = sec (90« - il) = sec ACN 

CA 
~ 'CN* ^y ^®^* of the secant. 



20. To trace tlie variation in the signs of Sin A, Cos A, 
Tao A, Sec A, as A increases J! om 0® to 36o\ 



9 

NC 

(1) Sin A = -jp , and therefore has the same sign in any case 

as NC has ; for ACj^ which lies in the direction of neither of the 
lines ^^.and AD^ cannot change its sign^ and is always to be ^ I 
reckoned as positive. 

Hence (14) Sin A is positive if A be between 0^ and 180^ ' 
(figs. 1, %); and is negative if A be between ISO*^ and 360^ 
(Figs. 3, 4.) 

AN 

(2) Cos A = .p 9 and therefore has the same sign as 4N . 

Hence (14) Cos A is positive if A be between 0" and 90?, or 
between 270" and S6(f (figs. 1, 4.) ; and is negative if A be between 
90° and 270^ (Figs. 2, 3.) 



»' 



D 



■w 



J^Bl 



IT 



IL 



B' N 



J 




D 



JB Bl 



ny 



N 




NC 

(3) Tan A = -j^, and is therefore positive or negative accord- 

A IS 

ing as NC and if iV have the same or difierent signs. 

Hence (14) Tan A is positive if -4 be between 0* and 90^ or be- 
tween 180® and 270", (figs. 1,3.); and it is negative if A be between 
QQP and 180°, or between 270° and 360<>. (Figs. 2, 4.) 

AC 

(4) Secifa-jv^, and therefore has the same sign as AN. 

Hence Sec A is positive if ^ be between (f and 90°, or between 
S70° and 360*; and it is negative if A be between 90° and 270°. 

21. To trace tJie z^ariations m the magnitudes of fhe Slne^ 
Cosine, Tangent, and Secant, as the angle increases from 0° to 
36(f. (Figs. Art. 20.) 

Since (17) the values of the Sine, Cosine, Tangent, and Secant 
are not afiected by the magnitude of AC, suppose this line to remain 
of the same magnitude while the angle A increases from 0" to 360^. 
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Now (Bg. 1.^ as AC revolves from the position AB into the po- 
sition AD, NC increases in magnitude from to ^C^ and is positive; 
and AN decreases from ^C to 0, and is positive. 

As (fig. 2.) AC revolves from the position AD into the position 
AB', NC decreases in magnitude from ^C to 0, and is positive ; and 
^iV increases from to AC, and is negative. 

As (fig. 3.) AC revolves from AB' to AD^, NC increases in ma^* 
nitude from to ^C, and is negative; and AN decreases framAC 
to 0, and is negative. 

As (fig. AiJ) AC revolves from AD^ to AB, NC decreases in mag- 
nitude from AC to 0, and is negative; and AN increases from 
to AC, and is positive. 

Hence it appears, that as 



A changes from 



Sin^ 



( 



NC\ 
4C)- 



Tan^(i^ 



Sec^ 



AN/" 

Kan)'" 



O'' to 90" 



+AC+AC 



to 



AC 









AC 

+AC 

AC'AC 

+AC^AC 



^AC" 
AC AC 



+AC" 



90° to 180" 



_ . 
AC^AC 



180<>to270o 



, -AC 
to 



AC AC 
-AC -AC 



AC" AC 




AC 'AC 
-AC 




AC 



-AC 
AC 



-AC" 
AC AC 



" -AC-AC" 



270° to S60° 



-AC^ 
to 



AC AC 

+AC 
AC" AC 

V-AC _0_ 
" +AC 

AC jW 

"'+AC 



These changes in sign and magnitude of the Sine, Cosine, 
Tangent, and Secant may be thus exhibited ; the signs which be- 
long to them in each right angle being written in a bracket. The 
symbol od indicates an infinitely large quantity. 



A being"! 
between/ ' 

SinJ 


0° and 90" 


90° and 180° 


180° and 270° 


270* and S6(f 


and 1, (+) 


1 and 0, (+) 


Oand-1, (~) 


- 1 and 0, (~) 


Cos^ 


1 ... 0, (+) 


o...-i,(-) 


-1 o,(-) 


i,(+) 


Tan^ 


. . . CO, (+) 


CO.... 0, (-) 


CO, (+) 


05 0,(-) 


Sec^ 


1 . . . CO, (+) 


C0...-1, (-) 


-1 »,(-) 


05 1,(+) 
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Since Cos A is never greater than unity, Versin -4 (or 1 - cos A} 
is always positive ; and its greatest value is when A becomes 180% 
when Cos A becomes —1, and Versin A becomes 2. 




22. To shew that 

Sin A= sin (1800- A), or =- sin (180° + A), or =- sin (seo'*- A) ^ 
or =~sin(-A). 

Let BAC,^A = B'AC, = RAC^=BAC,; 
and AC, = AC^= ACj,= AC^. 

Join C1C4, and CgC^, 

It may easily be shewn that the angles 
at M and N are right angles ; and that 
NC„ MC^ MCs, iVTC^ are equal in 
magnitude^ — ^as are also A'N and AM, 

Now, Sin A = ^'-=^-^-' = sin B AC, 

= sin (BAD + DAB' - B'AC,) 
= sin(l800-y^) (1). 

Again, Sin ^ = -^ = ^^;j^ , since NC, = -MC;„ 

_MC^ 
AC, 

= - sin (BAD + DAB' + B'AC,) 

= -sin(l80o+-4) (2). 

Again, Sin^ = i^-^^=-^?* = -^-?*. 
i5 , om^ ^C, AC, AC,' 

NC 
but -j^ is either the sine of the positive angle 

{BAD + DAW + BAD' +(D'AB^BAC,% 
or the sine of the negative angle BAC,, (7); 
.'. Sin^ = -sin(360«-^)... 
or =-.8in(--^ 



(sy 

(4) 
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23. In like manner it might be shewn that 

(l)Cosil=-cos(180*-il), =-cos(180^+^),= co8(360*-i^), = cos(-if)- 
(2) Tan^=-tan(180"-i^),= tan(180*+i^),=-tan(360*-^),=-tan(-il). 
(3)Sec^=-8ec(180«-.4),=-sec(180°+i4),= 8ec(360^-^),= sec(-il). 

24. If any an^le, as BAC^, be increased by 360°, the line 
which bounds it will come into the same position again, and the 
sine of the angle will therefore remain unaltered. Wherefore sin A 
is in all cases the same with sin (SGOf^+A); and in like manner, 
8in(360'*+^)=8in(2x360®+-4), and so on. If, therefore, n be any 
positive integer, 

Sin^ = sin(w.360»+^) = sin(2«.180* + ^) (1). 

Similarly, Sin il = sin (1 80* - il) Art 22. (l), 

= sin {2» . 18(y»+ (180°- A)} 
= 8in{(2w+l)1800-^} (2). 

In like manner it appears from (2) and (4) of Art. 22, that 

Sinil=-sin{(2» + l) 180^+ .4} (3), 

Sin ^ = - sin (2 « . 180° - i^) (4). 

25. By the same process of reasoning it may be proved from 
the formulae of (23) that 

Cos ^ = oos (2« . 180^ + A), or = - cos {(2 w + 1) 180^ - A}, 

or =-cos{(2w+ 1) 180°+^}, or = cos (2 w. 180°-^). 

And, Tan .4 = tan (2 w. 180V ^), or =:-tan{(2ii + l).180^-^}, 

or = tan {(2» + l). 180^-4}, or =-tan(2». 180°- J). 
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Similarly it might be proved that^ 
Sec^=: sec(2».180° + >i), or =-8ec{(2ii+ l).180'-i^}, 

or =-sec{(2» + l).180'*+^}, or = sec (2 n . 1 80" - i^)'. 



26. From Arts. 16, 22, 23, it will appear that 

Sin^=cos(9(y>-^) Cos -4= 8\n(90^^A) 

Sin ^ = sin (1 80« - A). Cos ^ = - cos (1 80® - A). 

Tan^= cot(90*-i4) Sec -4= co8ec(900->i) 

Tan^ = -tan(lS0*-i4). Seci^ = -8ec(18(y>-^). 

* In (24) it has been shewn, BAC being an angle of A degrees, that 

Sin^ = sin (2n. 1800 + ^), or =Bin{(2n + l). 1800-^}. 

Also, as the negative angles BAB'JfiyAB'^B'AC^ {or -(180o + ^)}, and 
BAD' ^B' AB' ^^B' AB^^i.DAB-BACx) {or -(360«--4)}, have the same sine 
as A^ and since also if either of these angles be increased by the negative angle 
tr.36Q^ taken an^ number ot times its sine remains the same, therefore 

Sin^ = 8iftt-».3600-(180o+^)}, or = sin{-n.3600-(3600-^)}, 

.-. =sm{-(2n+l).1800-^}, or = 8in{-2(n-l). 18(K>+^}, 

(where the latter angle is of the /orm, -2n.l8(K^+'^; n being some integer). 

JVC 
It appears, then, that A being the least angle whose sine is -777^, all angles have 

the same sine as A^ which are comprehended under the formulsB 2n. 180<^+^ and 
(2n+ 1) 180<'— ^, where n may be or any integer, negative as well as positive. 

In the same manner, since all angles which are bounded by the lines AB and 

(AN\ 
-jT^] 9 it may be proved that 

all angles whose cosine is equal to this are comprehended under the formula 

2n.l80»db^; 

And all angles which have the same tangent as A, (being those bounded by AB 
and either of the lines ACi and AC^), are comprehended under the formula 

n.im+Ai 

And Hf in all these cases, may be 0, or any integer, negative as well as positive. 
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That is, 

The Sine of an angle 



or. 



cosine of its complement, 
sine of its supplement. 
Cosine of an angle = sine of its complement, 
or, =- cosine of its supplement. 
Tangent of an angle = cotangent of its complement, 

or, =- tangent of its supplement. 
Secant of an angle = cosecant of its complement, 

- secant of its supplement. 



or. 



Note. These relations between the sine^ cosine^ tangent^ and 
secant^ of an angle and the sine^ cosine, tangent, and secant of 
its complement and supplement, are perpetually occurring in 
practice, and will often be made use of in die following pages. 



These two formulae also are often useful; 
Sin J = cos (90' - ^) = - cos { 1 SO'^ - (90« - ^)} = 
Cos A = sin (90° - ^) = sin {180° - (90° - A)} = 



- cos (90° + A) ; 
sin (90° + A). 



27. It will be found necessary to carry in memory the 
following expressions, 









NC 




(1) 


Tan^: 


NC 
"AN' 


AC 

"AN' 
AC 


sin A 

• 

cos -4 


<2) 


Sec^ = 


AC 

"AN" 


1 
AN" 


1 

• 


cos-^' 








AC 










AN 




/5?^ 


Cnt/I 


AN 


AC 


cos^ 




N 



-B 



.\ Cos A = 



sec J 



NC 



NC 
AC 



sin^' 



(4) CotA = 



la 
AN 1 1 



NC~ 


NC' 
AN 


tan^' 


an -4 = 


1 
cot ^ 


• 


AC 
NC" 


1 
NC 


1 

• 

sin -4' 



AC 
(6, JC■.KC■.^S■,.■.^.{^)\(^)•, 

or l = (8in^)^4-(cos^)«;* 

{SmA=:J(l~co8'A), 
" lCos^=V(l-8inM). 

(7) AC^AN' + NC; 

•'• (:iW "^"^(zzv)' o'^SecM = l+tan«^; 

fSec-.4=7(l + tanM), 
lTan^=y(sec*J-l). 

(8) AC' = AN'+NC'; 

* * ( W*) " VA^ ) "*" ^ ' ^"^ Cosec* -4 = cotan' -4 + 1 ; 

{Cosec A=J{\ + cot' -4), 
Coti4 = 7(cosecM-l). 



* The powers of the goniometrioal ratios^ as (sin^)', (cosA)^, (tanAf^ are 
generally written thus, sin'^, cos^^, tan*^. 
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28. By means of the expressions proved in the last Article 
the value of any one of the quantities defined in (15) may be 
found in terms of any other of them* For example : 

(1) Tanil=-T7- ^-s-yr* 

For TanJ = ?!^, Art. 27. (1); = ///'"^, jn ; (g7> «> 

cosifl ^ ' J{l-sm' A) ^ ^ 



(2) Tan^ = ?™4=.5Aiz^). 
^ ' COS -4 cosil 

(3) Sin A = J . cos il = tan il • 



cos A 



aecA 



_ tan A _ tan^l 

~ aecA^ J{1 +tan*i4)* 

29. The fonnuliB ynroyed in the laxt Article will often be found useful to the 
analyst. The same method of proof is applicable to all other questions of the same 
kind. Thus, required to express the cosine of an angle in terms of the cosecant, and 
the cosecant in terms of the versed-sine. 

(1) Co.A-.s,(l-^^A).^{l-£^].^ll^^, 



(2) Cosec^ = 



1 



sin^ \/(1—C(m'A) 
I 



VI -(1 -versing)* >/(2 versing -versin^^) ' 

30. The following Table contains those values of Sin A, Cos A, 
Tan A and Sec A, which are most usefully remembered. 



Sin^ 


Cos A 


Tan A 


BecA 


^(l-cosM) 
tani^ 


^(l-sin'A) 
1 


sin A 
cos^ 


1 


J{l-sin'A) 

1 

cos^ 


J{l-\-tsn*A) 

^(sec-^-l) 
sec A 


Va-ftanM) 

1 
secA 
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31. If h he less than half a right angle, or 45^ Cos A is 
greater tJian Sin A, 

Let I. NAC be less than 45^ 

Then, since z NAC + z NCA = 9(y^ z iVCi4 
is greater than 45^. And in every triangle the 
greater side is opposite to the greater angle, 
(Eucl. I. 19.): 




N 



_ B 



.-. AN^NC; 



AN NC 
AC "" AC ' 



or CoSijf>8in^. 



Similarly, for angles between 45^ and 90^ it may be shewn that the 
Cosine is less than the Sine. 



32. To Jind the Sines, Cosines, and Tangents of 45^ SO®, 
and 6(y. 



(1) (Fig. Art. 27.) Letz NAC=45^; .-. z NCA^go^-^^iNAC^iid^; 

... 4J = ^5; or Sin 45* = Cos 45^ 
AC AC 



Also, AC^AN'-^CN'^^AN'; 
AN 1 ^ ... 1 



.-. Sin 45" = 



NC 

jn A- ' Cos 45«= ^; Tan 45«=i^= 1. 

AC J2 J^ AN 



(2) Let ABC be an equilateral and equi- 
angular triangle ; each of its angles, therefore, 
is ^ of two right angles, or 6QP. 

Let AD be perpendicular to BC; 

.-. BD=DC=^iBC = iAB; 

and z BAD= z DAC^SOf"; 

Cos 30°= V{1 - 8in«30} = 7(l - i) = ^ 




Tan 30° = 



sin30» 
cos 30^ 



1 



18 

(3) Sin eC = cos (90* -eo"),... (16), =co8S0'=^, 
Cos 60* « sin (90* - 60^ = dn S0»= 1, 

cos60» *^ 

33. Equations like the following may often be solved by means 
of the relations established in (27) between the different Gonicnne- 
trical Ratios. 

Ex. 1. From the equation, Sin^ A + 5 cos* A = 3, required the 
value ^ Sin A. 

Since Cos' -4 = 1- sin*^, the equation becomes Sin* J + 6 . {1 - ritf* ifJ^S; 

whence 4 8in«-4 = 2; andSm^ = -r=. 

V2 

Ex. 2. From the equations SinA=m.sinB^ and TanA^ti.tmB, 
required the values of Sin A and Cos B. 

For Sin -4 put a?, and for CosB puty; .•. sinB^VH^, 
^"-^= V < i-«inM} =Vf^> (^)' 

Making these substitutions, the equations become 

whence, or = sin ^ = V^^!:i^; aiid|f==cofB« ^x/J:::^. 

Ex.3. Ge-{-:--A-.ainA) ^^^^^^^ 
/i<m between m awrf n «» w;^icA /Ae angfe A shall not appear. 

The equations severally give, «=^??^, nndn- ^'^ ; 

sm^ ' cos^ 

WIS 

Also, «»«=^=^=_1 

y «m«^ tan«^ tan«^.8cc«^', 

••. w«.tanM.(l+tan«^) = l; 
whence, by substituting its value for tan^, 






CHAPTER III. 



GONIDMETRIGAL FORMULA INVOLYING MORE THAN ONE ANGLE. 



34. Given the Sines and Cosines of two Angles, to find the 
Sines and Cosines cf the angles equal to their Sum and to their 
Difference, 

Let JBAC, CAD be two angles repre- 
sented by A and B respectively. 

From D, any point in ADydrsLW DB and 
DC perpendiculars on AB and AC; and 
from C draw CE and CF perpendiculars 
on AB and DB, 

Then FE is a rectangle; FB= CE, and 
FC^BE. 

jL CDF:=^y^-LDCF^ / FCA 

= Ay since CF is parallel to AE» 

XT c- /.I m ^^ BF + FD EC FD 
Now, Sm(^ + 5) = -^= -_j^_=_+_- 

JEC AC FD DC 
"AC * AD^DC AD 




sin ^ . cos B + cos ^^ . sin B, 



•(!)• 



o /-I Dv ^^ AE-EB AE FC 
Also, Cos(J + ^ =^ = -^35- = 2B-1B 



AE ACFC CD 
~ACAD CD' AD 

s: coaA , coaB~anA . sinB. 



2—2 



,(2). 
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Again ; let zB AC = A, and ^ CAD = B. 

I 

From D, any point in AD, draw DB 
and DC perpendiculars on AB and AC, 
CE a perpendicular from C on AB, DF 
perpendicular to CE. 

FB is a rectangle ; Ffl = DB, and 
FD=^EB; 




Then, Sin(^-JB) = 



5D EC-CF EC 



AD 



AD 



AD 



CF 
AD 



EC A£CF CD 
" AC AD CD' AD 

= sin A, cos B - cos A. sin ^. 



(S). 



Ai n fA ii\ ^^ AE + EB AE FD 

Also, cos(^-5)=-j^= ^ffir-= :jb^T2) 

^ ^C FD CD 
" AC AD^ CD' AD 



= cos A . cos ^ + sin i4 . sin^ 



(*). 



Ex. Having given the Sines and Cosines of 45* and 30^ 
required the Sine and Cosine of 75% and of 15®. 

1 ^/q 

Sin 450 = €08 450=-^; 8in30o=i, co830o=^, (32). 

Sin 75® = sin (45<> + SO®) = sin 460 . cos 30o + cos 45® . sin SO^ 

1 V3 _1_ 1^ 
- V2- 2 +V2*2 

Similarly, Cos Iffi = cos (460 + 30°) = — ^ • ( V3 - I ). 
Sin 160 =. sin (45»-300) = ^^ • (\/3 - 1). 



Cos 16« a cos (450 - 800) - _— . ( V3 + 1 ). 
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35. In the figures attftched to the last Artide, each of the simple angles A and 
B was represented as less than a right angle. But of whatever magnitude these 
simple angles are, if the same construction be made, and proper attention be paid 
to the signs of the sines and cosines of A and By the same result will invariably 
be arrived at. For example, let it be required to prove the formula 

Sin (^ - jB) = sin u4 . cos J? - cos ^ . sin £ 

from the annexed figure, where BAC' = Af and CAD = B; each angle being 
greater than a right angle. 

From Dy any point in AD, draw DC perpendicular to CA produced; let CEF 
be perpendicular to AB^ DF parallel to ^jB, DB perpendicular to AB, 



Then FB is a parallelogram, and 
EF = DB. 

Now, SinM.i?)=Jg=|5 

CF'CE 

" AD 

_CF CD CE AC 
~ CD* AD' AC AD 



= cos FCD . sin DAC - sin CAE. cos DACy 



but CwFCD=:cosEAC:=cosCAB* 



= -cos (1800 -C'^B)=- cos i<, Art.26. 
sin DAC = sin (1800 - DAC), Art. 26, = sm CAD = sin B, 
sin CAE r: sin CAB* = sin A, 
cos DAC = - cos (1800 - DAC) = - cos ^; 
.*. Sin (^ - J7) = - cos ^ . sin jB + sin ^ . cos^ 
s sin u4 . cos J9 - cos ^ . sin jB. 




36. If one of the formulce, as Sin (A 4- B) = sin A . cos B + 
cos A.sin B^ be given, the others may be deduced from it. 

For let B become (- B)y then 
Sin (-4 - 2^) = sm {^ + (- J?)} = sin ^ . cos (- B) + cos ^ . sin (- B), 
But Cos (- £) = cos J9, (23), and Sin (- ^} = - sin B, (22); 

.*. Sin(^ -£)s8in il.cosB -cos^.sin^. 



22 

: Again, Cos (.< + J?) = sin {1M>» - M + i?», (Iff) = lin {(W - ^) + (- -»)| 

= sin (90° - ^) . cos (- jB) + cos (900 - ^) . sin (- B) 
= cos ^ . cos j9 - sin ^ . sin A. 

Similarly, Cos {A - B) may be proved := cos ^ . cos j9 + sin ^ . sin j9. 

37* From the formulas of (34) the Sine or Cosine of the sum 
of three or more angles may easily be found in terms of the Sines 
and Cosines of the simple angles. 

Given the Sines and Cosines of the angles A, B^ C, required 
the Sine of (A + B + C). 

Sin (^ + jB + C) = sin {(^ + jB) + C} = sin (^ + J?).cos C + cos (^ + 5). sin C 
= (sin A . cos jB + cos ^ . sin ^) . cos C + (cos ^ . cos jB - sin ^ . sin J3) . sin C 
= sin ^ . cos jB . cos C + sin J3 . cos ^ . cos C + sin C . cos ^ . cos ^ 

- sin ^ . sin J3 . sin C (1). 

In like manner Sin (^ ± J3 :t C), and Cos (^ db J3 d= C), may be fomid in terms 
of the Sines and Cosines of A, B^ C; and the same method may be applied to the 
sum of any number of simple angles. 

Con. If -4 + 5 + C = (2» + 1) . 180^, where w is an integer, smce 

sin (2^ + 1)1800 = 0, 
the equation (1) becomes 

Sin u4 . sin jB . sin C = sin ^ . cos J3 . cos C 

+ sin J3 . cos ^ . cos C + sin C . cos ^ . cos B (2). 

If» = 0, ^ + 5 + C = 1800, and therefore equation (2) expresses a relation 
which exists between the sines and cosines of the three angles of any plane triangle. 

38. To shew that Sin2 A = 2 sin A.cos A. 

Sin (A + B) = sin A .COS B + cos A,sin B, 
which becomes, by writing A for B, 

Sm 2 A = sm A . cos A -h cos A .sia A = 2 sin A . cos A. 



39. To shew that 



(1) Cos2 4=cosM-sinM. 

(2) Clos2u4=2cos*J-l. 
K3) Cos24=i~2sinM. 
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(1) Cos (A + B) = C08 A . cos B-^ mt A ,sm B, 

and writing A for B, 

Cos 2 il = cos A . cos -4 - sin ^ . sin -4 = cos* -4 - sin'il. 

Again ; Cos 2 -4 = cos' A - sin* A, 

And 1 = cos' A + sin* A ; 

.'. 1 + cos 2 -4 = 2 cos* -4, 
1 - cos 2-4 = 2 sin* -4. 

(2) Therefore, Cos 2 ^4 = 2 cos* ^ - 1 . 

(3) And, Co8 2-4 = l-2sin*^. 

f Cos A + sin A = :^ J(l + sin 2 A). 
40. To skew that} >/»,+ -' h 

Cos A - sin A = ± ^(1 - sin 2 A). 



{ 



Here, Sin 2 ^ =2 sin J . cos il, and 1 = cos* -4 + 8]n*il ; 

.'. by addition and subtraction, 

1 + sin 2 -4 = cos* -A + 2 sin ^ . cos ^i + sin*u4, 
1 - sin 2-4 = cos* -4 -2 sin ^ . cos ^ + sin*^ ; 

/. Cos -4 + sin -4 = ± ^(1 +sin 2-4), 
and Cos -4 - sin -4 = ± ,^(1 - sin 2 .4). 

41. To shew that if A be less than AiSf*, 

rCos ^ = i y(l + sin 2 ^) + 7(1 - sin 2 A% 
then 



{ 



SinA =iy(l + 8in2.4)-7(l-8in2.4)}, 

By|(31) a A< 450, Cos -^ is > Sin -^, and they are both positive; therefore 
Cos ^ + sin ^ and Cos A -%mA are both positive quantities whoi .^ is < 45<' ; 

.*. Cos ^ + sin -^ = + V(l + sin 2 ^), 
and Cos ^ - sin ^ s + ^(1 - sin 2 -<4) ; 
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whence, by addition and subtracdon, 

2co8 u4 »r ^'(l + sin 2^) + V(l - sin 2A)^ 
2sin u4 = V(l + "in 2^) ' V(l ' Bin 2 A); 
; Cos ^ = :J {V(l + wn 2 -rf) + V(l - 8in 2 ^)}, 

[Sin A = :J{V(1 + tin 2^) - V(l - sin 2^)}. 



■•■{; 



42. TAe equations deduced in Art. 40 can be applied in any case 
to determine the Sine and Cosine of A from the Sine of 9.K. 

For example, (1) If ^ be an angle > 3 x 45® but < 4 x 45<>, (t. e. if it be any 
angle comprehended under the form 180'' - B, where j9 is < 45^,) Cos A is negative, 
and greater in magnitude than Sin Ay which is a positive quantity. 

In this case therefore, 

Cos -4 + sin i< = - V(l + >in 2 A)y 

CwA -sin^ = -V(l -sin 2^); 
.-. Cos^ = -i{V(l + »in2^) + V(l-sin2if)}, 

Sm ^ = i y(\ - sin 2 if ) - V(l + sin 2 A)]. 

If at first sight this value of Sin A appear to be negative, it is to be remembered 
that Sin 2 ^ is a negative quantity, (2 A being between 270^ and 360®) and therefore 
1 ~ sin 2 ^ is greater than 1 + sin 2 u4 ; wherefore the value of sin A is here a positive 
quantity, as it ought to be. 

So (2), If ^ be a negative angle which is between - 45*^ and - 90^, Cos A 
is a positive quantity, and is less in magnitude than Sin A^ which is a negative 
quantity ; wherefore the equations of Art. 40 to be taken, are, 

Cos -4 + sin -4 = - V(l + sm 2 A), 

Cos -4 - sm -4 = + V(l - sin 2^).« 

* To determine the limits between which the values of A must lie, which satisfy 

t/ie equations^ 

Sm ^ + cos^ = - V(l + cos 2^), 

Cos -4 — sin i< = - V(l — cos2 ^). 

For positive values of A, 

The former equation is fulfilled if A be between 90<>+ 45^ and ISfPz for the 
value of Cos^, which is negative, is greater for such angles than the value of 
Sin A, which is positive. So A may lie between ISO^ and 270^^ ; and between 270^^ 
and 2700 + ib\ 

Wherefore if A be between 135^ and 315o the former equation is fulfilled. 
And it may be shewn, in like manner, that the latter equation is fulfilled if A lie 
between 4Sfi and 31R 

So that both equations will be fulfilled if A be between 135® and Sid®. And 
as the Sine and Cosine of any angle remain the same if the angle itself be increased 
by 360^, it follows that all the positive values of A which satisfy botli the equations, 
lie between n.360o+1350 and n.360o+315o, (i. e. between (8» + 3).45o and 
(8» + 7) . 460), where n is or any positive integer. 

And in the same manner 
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43. Gfiven the Tcmgents of two cmglesj to find the Timgents 
of their Sum cmd their Difference. 

m / i T>\ sin (^ + JB) sin j4 . cos 5 + cos ^ . sin B 

Tan(^ +-S)= — f-i — b(« 1 5 — = — i — - — »* 

^ ' cos(il + -D) cos-4 .cosJ3-8in^.sinJ5 

and dividing the numerator and the denominator by cos A . cos B, 

sin A sin B 
T /A p^ cos it cos ^ tan it 4- tan ^ 

Xan(A+iS)^^ sinr^iiQ-l-tanit.tanJg' 

cos it * COS B 

Similarly, Tan (it - 5) = -^^^AzJ?!^ . 
^' ^ ^ l + tanit.tanJ5 

CoR. 1. If-B = ^, Tan2^= ^^^"^ 



l-tan'A' 
Cor. 2. If5=45«>, since Tan 45» = 1... . 



». * ^ J .Av t*n A + \ , , - 



sin^ . 
J. 1 

cog ^ sin ^ 4- cog ^ 

8in^~*cos^ — sin^ 



.(2). 



cos^ 
CoR. 3. Similarly, Tan(^ -450) = ^^~| (3); 

sin^-cos^ 
**' " sin ^ + cos ^ ^*^' 

COR. 4. TanM+460) + tanM-45P) = ^^ + |^^ 

4 tan if ^ « ^ , ^ , 
= l-tan«^ > =2tan2^, by Cor. 1 (5). 

If ^ be < 450 ; 

Since Tan(^-46o)=tan-(46<»-^)=-tan(460-^), (23), 
the last expression becomes, 

Tan (460 4. ^) - tan (46<»- -rf)= 2 tan 2^ (G). 



And in the same manner the negative values of A which satisfy both the equa- 
tions may be shewn to lie between m . 36(M> - 45fi and m . 360<^ - 225^ m being or 
any negative integer; 

i. e. between {dm - 1) . 45o and (8m - 5) . 450, 

{8(m-l) + 7}.460and{8(fii-l)+3}.46o, 

(and if 9» be written for m—l), 

between (8 n + 7). 450, and(8n + 3).45<'; 
'vihich are of the same form as the limits obtained for the positive values of A. 

Wherefore the required limits of the values of ^ are (8 » + 7) • 45^ and 
(8»+3).45^; where n may be 0, or any integer, positive or negative. 
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44 To,A«.M«.|?B4±^ = «£(4^ 

Tan A - tan B sm (^i - J3) 



Tan^ + tanJg co»^''"co8.g 
Tan^-taiijg"" 8in^ sin^ 

cos ^ *^ cos ^ 

sinuJ.CQg J+cofl^.tinjg «in(A+B) 
'sin^.coiil— cos^.am^'siiiC^— j9)* 

45. Gfwc^ Tan A, Tan B, Tan C, io Jind Tan (A + B + C). 

TanM + B+C)=t«i{M + i»)4.C} = j^g±f^^, (43), 

1— tan^.tanB 



_ tan^+tanjS ^ ^ 
1 -i 5 — I A — I — ST* tan C 



_ tan ^ + tan ■g4-tanC— tan^.tan.g.tanC 
~ 1 — tan^.tanJS — tan^.tanC — tan^.tanC 

In the same manner the tangent of the sum of four or more angles might be 
found in terms of the tangents of the simple angles. 

Cor. If ^ + jB + C = (2» + 1).180o, n being an integer, Tan(^+i?+ C)=0; 

.'. tan^ + tan:B+tanC— tan^ .tanJ3.tanC = 0, 

or,. Tan^ + tanJ3 + tanC=3tan^.tanJ3.tanC. 

And since if n=0, A-^B-^-C^lW^ this relation between the tangents of 
A, J3, C, is one which exists between the tangents of the angles of any plane 
triangle. 

46. To find the values o;^ Sin 2 A, amd Cos 2 A, tw termH 
of Tan A. 

Sin2^=:2sin^.coSi^, (38), = -r-.zo^A 

^ ' cos -4 

2tan-4 . ^ . 2 tan A .^^ ^^ 

Again, Cos 2 ii = 2 cosM - 1, (39.2), =—^-.1 

2 1-tanM 



1 + tanM 1+tanM* 
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47. The following values of Sin 2^, Cos 2 J, Tan 2^, are of 
firequent occurrence, and necessary to be remembered ; those which 
have not been proved already are easily found after the method of 
the last Article. 



1. Sin 2 ^ = 2 sin il . cos A. 


1- 


Cos 2 -4 = cos* A - sin* -4. 


^ 2 tail A 
^ ""l+tan«^* 


2. 

1 


=2 cos*^ - 1. 




3. 


= 1 -2sin'il. 


^ 2.7(secM-l) 

sec" A 


4. 


1-tan*^ 
~l+tan*il* 


4, Tan2^ = - — - — n- 

1 - tan' A 


5. 


2-sec*i4 
"" sec*il 



48. In the same way, the following values of Sin2i^ and 
Cos 2^ can be found in terms of Cot^, Cosec^, and Versing. 



a. ^ . 2 cot -4 2V(co8ec«-4-l) 
Sm2-4 = i— T-rTTT-r, or = g ^ -, 



l+cot«ui' 



cosec^^ 



or =2.(l-ver8in^).V(2ver8-4-ver8"^). 



^ «^ cot*^ — 1 cosec'ui— 2 , « /« • ^ - ^\ 

^2^"^5?Xn' ^^ cosecM > or=l-2.(2ver8^-vcr8«^). 



49. The easiest method of deducing formuls such as these, 
is first to express Sin 2 A and Cos 2 il in terms of Sin A and 
CoSi^. 

Thus let it be required to prove tfiat Co82-<l = — — — ^-j — • 



Since Co8 2^ = cosM-8inM = l-28inM; and Sin^ = -- --—j, (27); 

cosec A 



.*. Co82-4 = l- 



2 



cogec*^~2 

cosec*^ - cosec'^ 



50. Since Sin (^4 + ^ = sin ^4 . cos JB + cos -4 . sin B, 
and Sin(il-£)=:sini4.cosB-cos^.sin£; 
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.*. by adding and subtracting. 

Sin (il + 5) + sin (ii - ^) = 2 sin il . cos B (1). 

Sin {A + B)'-%m{A-B)^2co^A. sin B (2). 

Similarly, 

Cos(i4 + J5) + cos(.<-JB) = 2co8^.co8 5 (3). 

Cos(i4 - 5) - cos (^ + B) = 2 sin i4 .sin JB (4). 

51. To find the vdltLes of ^in Ay^ Anlbf ovu/ Cos AtkcosB, 
in terms of the Sines and Cosines of ^(A + B) and i(A-B). 

Since 

^ = i(ii + 5)+i(^-B), and B^^^A-^ B)-i(A-B); 

.-. Sin.^ = sin ^(A + B).cosi(A - 5) + cos ^{A + B) . sini(il - B), 

SinB = dni(A + B).co8i(A''B)-cos^(A-^B).ani(A'-B); 

.-. SinA + 8inB==2sin^{A + B).cosi{A''B) (1). 

Sin.4-8in5 = 2cosi(i4 + 5).8ini(i4-5) (2). 

Similarly 

Cos A + cos B = 2cosi{A + B).cosi(A ^ B) (3). 

Cos5 - cos^ = 2 sin i(A + B).sini(A-B) (4). 

These four formulae (which are qf the very greatest utility) might 
have been deduced from the formulae of the last Article, by 
making A + B = S and A- B = B; in which case -4 = A (5 + D) 
and J5 = i(5-D). 

52. Dividing (2) of Art. 61 by (I), 

Sin^ + 8in^"28in^(^ + jB).cos^(^~-B)~tan^^(^ + -B)* 
Similarly, dividing (4) by (3), 

(The upper of the double signs going together, and the lower together). 
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i 



.» .., -A « vm A , %mB 

53. Taii-^±tanB = — — ^± s 

cos ^ COSjS 

_ sin ^ . cos .g =1= cos ^ . sin B _ 8Sn(^ J= J? ) 
"" cos ^ . cos .fl " cos ^ • cos j9 * 

Similarly, Cot 1? ± cot ^ = ^|^;^j-^ . 
(The upper signs going together, and the lower together). 

54. Sin {A + B). %m(A-B) = %VD?A . cos«B- cosM .sin* J? 

= sinM .(l-sin«jB) -(I -sinM) .8in«jB 
= sin" -4 — sin' J?. 

Similarly, Sin(-4 + B).sin(-4-jB) = cos«jB-co8M. 
And in like manner it may be shewn that 

Cos(-4 + jB).cos(^-B)=3COs'^-sin'jB; or =cos*jB-8in'-4. 

55. To prove that 
Sin « i4 + sin (« - 2) i4 = 2 sin (« - 1 ) i4 . cos A, 
Cos » i4 + cos (« - 2)'^^ = 2 cos (» - 1) -4 . cos i4. 

Sinn^ = sin{(»~l)^ + ^} = 8in(n-l)^ . cos ^ + C08(n-1)^ . 8in-<4. 
So, Sin(n— 2)^=:8in(n — 1)^. cos^ — cos(»-l)^ .sin^; 

.*. Sinn^ + 8in(n-2)-4 = 2 8hi(»-l)^.co8^ (1). 

Again; in the same manner, 

Co8»^ = cos(n — l)il . cosil — sin(n— 1)^ .sin^, 

and Co8(n— 2)^ = cos(n-l)^ . cos^+8in(»— 1)^ . sin^; 

.'. Co8»^+co8(»-2)^ = 2cos(n— 1)^. cos-<4 (2). 

Cor. If » = 2, then, from (1), Sin 2 ^4 = 2 sin ^ . cos ^, 

from (2), Cos2i*+l=2co8«-4, or, Ck>s2^=2cos>^-l. 

If n=:3; From(l), Sin3^ = 2sin2^ . co8^-sin^ = 48in^. cos'^-sin^l 

= 48in^.(l-8inM)-8inu4 = 38in^-48inM, 

From (2), Cos 3^ = 2 cos 2^ . cos ^-^ cos ^ 

= 2 cos^ . (2cos'^— l)'-cos ^ = 4 cos^^ -3co8^ ; 

and by successive substitutions. Sin 4^, Shi 5^... Cos 4^, Cos 5^... might be 
found. 

bQ. In like manner^ 

Siniiil-sin(n-2)ii=2cos(«-l)i<.sin-/4 (1), 

Cos(n-2) ii - cos fiii = 2 8in(n- 1) A . sin A (2). 
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57. From the latter of these formoUp, hj meani of nicceiiive inbttitiiituBi, 
the Cosine of nA may be found in terms of the Sines of A and its multtples. 

Suppose n to be even, and = 2flB. 

.-. Co8 2(m-l)^~co82mi4 = 2sin(2fii-l)^.sin^, 

so co82(m-2)^-cos2(m-l}^=:2Bin(2m-3)^.8ia^, 

cos2(fii-3)^-cos2(m-2)^ = 2sin(2m-5)^ . sin^l, 

• &c. = &c 

cos2(fii— m)^ — C0B2{m-(m — l)}u4 =2sin^ . sin^^ 

Whence, by addition, 

(since cos2(m-in)^, orcosO, = 1,) 
l-C08 2m^=2sin^.{sin(2m~l)^ + 8in(2m~8)^+...+ 8in8^+8inif}. 
.*. Co8 2m^ = l~2sin^.{8in(2m-l) ^+sin(2m-8)^+...+sfai8if + 8iiiif}...(l). 

So if n were odd, and = 2fii+ 19 it would appear that 
Cos (2m+l ) ^ = COS ^-2 sin u4 . {sin 2m ^ + sin 2 (m-l ) ^ +..•+ tin 4 ^ + sin 2 ^{...(2). 

Cor. If m =: 1, these formulie give, 

Cos 2^ = 1 -2 sin^ . sin^ = 1 -2 sinM. 

Cos3^ = cos^-28in^ .sin2^=:cos^-2 sin^ .2 8in^ . cos^ 

= cos^ — 4cosu4 •(! — cos* -4) = 4 cos'^ - 8 cos ^. 



58. To fi^ the Smes cmd Cosines of 18% 72®, 36% and 54P. 

Sin 36^ = cos (90*' - 3&) = cos 54% 

or, if 18° = J, sin 2 v4 = cos 3-4 ; 

.-. 2 sin il . cos il = 2 cos 2 A . cos A — cos A, (55) ; 

.\ 2sinii = 2cos2^-l=2.(l-2sinM)-l; 
.*. 4sin"ii+2 8ini4 = l. 

± /5_ 1 
And, solving this equation, SinA = —^ ; of which the posi- 

tive sign is to be taken, because sin 18° is a positive quantity. 
.-. i(^5-l) = sinl8o=cos(900- 18*^) = co8 72° (1). 
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And Cos'18» = l-sm'18<'=l-«::^=15W5 

10 10 
.-. Co8l8* = iV(10 + 2^5) = sin72* (2). 

Again ; Sin 54P = cos 36° = cos 2 x 18<'= cos» 18<> - sin* 18° 

16 ~ 16 
= i(l+N/5) (3). 

Cos* 54^= 1 - sin" 54°= 1 ^^^^ = ^0^-2^5), 

.-. Cos 54° = i ^(10- 2^/5) = sin 36* (4). 

59. If an angle receive any increment, to find ike corre' 
spending increment of the Sine ^ the angle* 

Let the angle A leceive an 'increment a, and let the oonesponding increment 
of the Sine of ^ be represented by ^ sin ^. 

Then, A sin -4 = sin (-4 + o) - sin ,4 

= 8inu4.COSa + C08^.8ina~8in^ 

xoo8^.sina'ain^(l-eosa) 

]t • fi J. ^'2Bin'ia\ ^_^. 

= cos ^. sin a. (l-tani4 . : — =~i (89). 

/ Ssin'ia \ 

= cos^.8ina. Il-tanu4 .^— : — i f— I 

\ zsm^a .cos^a/ 

= COS ^ . sin a . (1 - tan ^ . tan ^ a). 

Cob. If a be very small. Tan ^ a is very smalL In this case, 
if Tan A be not exceedingly large, (that is, if A be not nearly 

equal to 2« + 1 . 90°, n being an integer,) tan A . tan ^a is a very 
small quantity, and may be neglected in comparison with unity. 
When, therefore, a is very small, and A is also not nearly equal 
to (2»+l)90°, 

A sin i^ = cos ^ . sin a^ vary nearly. 

Hence it appears that when ^^ is an angle of a triangle, this 
result cannot be applied to determine the corresponding incre- 
ment of Sin A which results from A receiving a small given in.- 
crement, if il be nearly equal to a right imgle. 
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60. If an angle receive am increment, to Jind the correspond- 
ing decrement of the Cosine of the angle. 

A COB A = CM (A + a) ~ cos A = cos A , ecma - %in A , %{n a ~ €M A 

= -8in^.8mo-co8-4.(l-co«a) = -8m^.8iii.A+cot^.?^?-^| 

• \ sma / 

=:-8iii^ . 8ma .(1 + cot^ . tan^a). 

Cor. 1. And as before, if a be very small, and also Cot A 
be not exceedingly large, (i. e. if A be not = 2n . 90® nearly), 
cot A . tan^a may be neglected with respect to unity, and 

A cos A= — sinA . sin a, very nearly. 

Note. It must be carefully borne in mind, that unless (1), n 
be a very small angle, and, (2), A be, besides, an angle which 
is not nearly equal to 0® or 180^, this result cannot be applied 
to any particular case where il is an angle of a triangle. 

Cor. 2. If i^ be less than 90^, Cos A is positive, and Sin A 
being also positive, in this case A cos A is necessarily negative. 
That is, in angles less than a right angle, as the angle in- 
creases its cosine decreases. 

If J be greater than one right angle but less than two, 
Cos A is negative, and. Sin A being positive, A cos A is negative. 
That is, when the angle is greater than one right angle, but 
less than two, as the angle increases, the cosine also increases 
in magnitude, but is negative. 

61. If an angle receive any increment, to Jind the correspond- 
ing increment of the Secant of the angle. 

A A tA \ A 1 1 co8-4-coa(-4 + 0) 

A sec ^ = sec (-4 + a) ~ sec A - — 7-3 ^ 7 = -^ ?--v-t~ \ 

^ ' cos (^ + a) cos ^ cos ^ . cos (^ + a) 

_ sin ^ . sin « . {1 + cot^ . tan ^g} (60) 

~ cos^ . (cos^ . cos a -sin -4 . sina) (34) 

^!S4.JL,.»'^«.\+'''>t^-*»°i«=t.n^.sec^.tana.\ + "'^-<-'^^°. 
cos A cos A cos a 1 - tan A . tan a 1 -> tan A . tan a 

CoR. If a be very small, and neither Tan A nor Cot A be 
very large (that is, if A he not nearly equal to n . 90*), 
cot A . tan ^ a and tan A . tan a will both be so small that they 
may be neglected when compared with unity. In this case 
therefore 

AsecA = tBnA,8ecA,tana, very nearly. 
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Note. It is to be remarked that before this result can be 
applied in any case where A is an angle of a triangle, a must 
be a very small angle, and A must moreover not be nearly equal 
to 0, 90°, or 180°. 



62. If an angle receive any increment, to Jind the correspond- 
ing increment of* the Tangent of the angle. 

A ^ A . , A \ . - sin (^ + a) sin ^ 

A tail vi = taii(^ + a) - tan ^ = 7-5— — '^ ^ 

^ * co8(^ + a) cos -4 

_ sin { A + g) . cos ^ — cos (yj + a) . sin ^ 
~ cos^ .(cos^. cosa — sin^.sina) • 

But Sin (^ + o) . cos -4 - cos (/4 + a) . sin -<4 = sin \(A + a) - ^} = sin a ; 

A . ^ sin a , . ^ 1 

.•. Atan^=r — -T-i n — : 3— tt— : = sec'-^ . tan a . 



cos''^.cosa.(l- tan ^ .tana) ' * 1 -tan ^ .tana ' 

Cob. If a be very small^ and also Tan^ be not very large, 
(that is, if A be not (2n + 1) 90° nearly), then 

A tan ^ = sec' -4 . tan a, very nearly. 

Note. If A be an angle of a triangle, this result is not 
true when A is nearly equal to a right angle. 

63. For a mven small increment of A, the increment of the 
Sine of the angle is >, =, < the decrement of the Cosine, according 
as Cos A is >, =, < Sin K; K not being very small, or nearly a 
7mdtiple of 90°. 

For A sin ^ =: cos ^ . sin a, if A be not nearly (2n + 1) 90*^ ; Art. 59. Cor. 
A cos ^ = — sin ^ . sin a, if ^ be not nearly 27i. 9(F ; Art. 60. Cor. 1. 

Wherefore (n being 0, or any integer), if A be not very small, or nearly a 
multiple of 90», 

A sin ^ is >, ==,<(— A cos ^ ), as cos ^ is >, >, < sin A^ 

Cor. In angles less than 90<^, A sin^ is > or < (« A cosil) 

as -4 is < or >4o^..(31). 
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64. Def. By Tan'''^ the angle is indicated of which the 
tangent is t ; i, e. i£ i = tan A, then A = tan"' L 

So Sin"* J, and Co8"'c, &c. respectively indicate the angle of 
which the sine is s, and that of which the cosine is c, &c. 

65. To shew that Taxr't, + tan'^t, = tan"* ^' \^l , and 

1 — titj 

^' Tan-» ti - tan-» t, = tan"* JlZ^ . 

l+t,ta 
Let TanA = ti, and TanB^tg. 

Then, by definition, A - tan-*/i, and B = tan-*/,. 

■VT m r ^ *>« tan A + ta,nB 
Now Tan (A + B) = . — - — . , ^ ; 
* ' 1 — tan^.tanB* 

, - . ■ „ , tan A + tan 5 

/. by def. A + B^ tan-» -^ — -- —j-r --, ; 
' 1 — tan^. tanB' 

Or, Tan-»/i + tan-»/8=tan-» —^ (U 

Similarly, Tan-» /, - tan-» /g = tan-» x^VrT" (2). 

66. If tiy tfi, tn 6c the tangents of any angles, then 

Tan-%-tan-»/, = tan-»AzA + tan-»-^^«- + + tan"* J==LI1^ . 

For, Tan-i /, - tan-» /g = tan-» ~^^ , 
tan-» /a - tan-» /g = tan-» /'"/; , 

1 + CoCa 



tan-»/U, - tan-»/. = tan-» *''\ ^ ; 

1 + ••-1 «• 

. by addition, Tan-*/i - tan-^/. 
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67. Examples of questions solved by the application of 
formulae proved in this Chapter and the preceding. 

/^ V ^ ^7 ^ Cos A + sin A ^. ^ ^. 

(1) To prove that ^ — ^ v- =sec2A + tan2A. 

l^OS A. — COS JjL 

[It is here required to bring the proposed fraction into one of which de- 
nominator shall be cos 2^, or cos^^ — sin*^. Multiply, therefore, the numerator 
and denominator by the numerator, and] • 

Cos ^ + sin ^ _ (cos ^ + sin ^)^ _ cos' A + sin^ ^ + 2 cos ^ . sin ^ 
Cos A - sin A ~ cos' A - sin*"^" ~ cos' A - sin' A 



^^'o^ ' ^^ (2^- ^^' *°^ ^^^' ^^^^' 



I sin 2^ o>«.x a ^ 

+ — ^r— T = sec 2 -4 + tan 2 -4. 



cos 2 A cos 2 A 



(2) To prove that Cos 2 A= ^ ^^^^ ^\^^ ^ . 

[The equation becomes, when inverted, ^-^ = 1 + tan 2^ . tan -^ ; where 

if the right-hand side were expressed in terms of the sines and cosines of A and 2 A, 
and then put into a fractional form, the denominator would be cos 2 -4 . cos A, and 
the numerator would involve the sines and cosines of the same angles. The first 

object therefore is to express t^—. in a fraction of such a form.] 

^ cos2yl 

1 cos A cos {2 A — A) 



Now, 



Cos 2 A cos 2 ^ . cos yl cos 2 ^ . cos ^ 



cos 2 ^ . cos ^ + sm 2 ^ . sm ^ _ sm 2 ^ sin -4 , , « ^ . ^ 

= 5— J 5 = 1 H -r—z . 7 = 1 + tan 2 -4 . tan -4 ; 

cos 2 ^ . cos A co8 2Aco»A 

.'. Cos 2A = , — : — em—z :« • 

1 + tan 2 ^ . tan ^ 

Note. In the following Examples it is required to determine 
an angle from some given relation between its Goniometrical Ratios 
and those of either a multiple of the angle sought^ or of some given 
angle; and conversely. 

(3) Determine A from the equation, Sin 2 A = sin A. 

Sin ^ = sin 2 ^ = 2 sm ^ . cos A (38) ; 

.-. 2cos ^ = 1, and cos -4 = ^. "Wherefore A = 60® (32). 

3—2 
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(4) Delet'mine B from the equation, 

SmA + sin(2B + A)-sin(2B-A) = 8in(B + A)-8in(B- A); 
.-. sinJ ■^2c(M2B.iinA=:2c(MB.smA; Art 50, (2). 
.*. l + 2coB2B = 2eo»B; 

r 

.-.• 1 + 2 . (2 cos* 5 - 1) = 2 cos B (39). 

Whence Cos J? = ^(l ± V^); 
and, Art. 58, (3), ^ (1 + yJS) = cos 36'>. 
Art. 68, (1), ± (1 - V5) =- i (n/5 - 1) = - cos 72« =» cos (180« - 72«) = cos 108». 

.-. B is 36S or 10»>. 

(5) To prowe /Afl^ 2 cos 11^ 15' = ^2 + ^{2 + ^2}. 

Cos 45° = -7-; .-. 2 cos 45° =^2, 

.-. 2.{2cos*i45«-l}=^2, 

.-. 2 cos ^ 45<» = ^2+^; 

.-. 2.{2C08=-^-l}i,^7:^; 

••• 2 cos -g-, or 2 cos 11<», 15' = V2 + J2 + J^. 

Cor. By repeating the same process 7t times^ it would appeal 
in like manner^ that 

450 

2cos — = ^2 + V(2 + &c.) 

where 2, with the sign of a square root over it, appears » + 1 time 
in the second member of the equation^ the square root every tirai 
reaching to the end of the expression. 
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(6) If x.tan A = (^l -f X- l).(>yi-x+l), required to prove 
that X = sin 4 A. 

.r.tan .4 = (Vl +* -1) .(vl -* + l). - — ^ =d?. , — ; 

.*. Vl - or + 1 = (Vl + d? + 1). tan -4 ; 
.-. (1 - tan ^)« = {Vl + A' . tan ^ - VI - ofP ; 



Whence, 2 tan ^ = or . {1 - tan« ^} + 2 Vl - x^ . tan -4 ; 

. l-tan*^ , 

. *. i = Of . — 4. Vl - a^ 

2tan^ ^^* *» 

.-. Vl - or* = 1 - jr. cot 2 J[ ; ...(47) 

.-. 1 -a?* = l-2jr.cot2^ + a?2.cot*2^; 

.-. ^«.(l+cot22^)-2^.cot2^ = 0; 

.-. .r = 0; ora=:^4^i|^ = 2.-^^i|^=:28in2^.co8 2^==8in4^. 

I + cot* 2 A cosec* 2 A 

(7) ^ o /jrove //ifl< Tan~* - + tan~* - + tan"* - + tan"* - = 45^ 

3 5 7 o 

= tan-*-. 



Tan-4 + tan-'l = tan-*_ilL., {^^b\ 

o 5 - 1 1 
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So Tan- 1 + tan"' ^ = tan- ^,", = tan- ^ ; 

7 O t ^ J;^^ 11 

^ 7 * a 

•. Tan"* - + tan"* -- + tan"* - + tan"* - 
3 5 7 8 

= tan"*| + tan-*~ =tan"*-I^=tan-' || = tan"* 1 =45». 
7 11 1-11 05 

7*11 



68. The Appendices i, ii, iii, on the Logarithmic Tables 
of Numbers and of Goniometrical Ratios, ought to be read 
before entering on the next Chapter. 



CHAPTER IV. 



ON THE SOLUTION OF TRIANGLES. 



69. A TRIANGLE consists of six parts, namely, three sides 
and three angles. When three of these parts are given, (except 
they be the three angles), it will be shewn that the other three 
can, generally, be determined. 

The number of degrees in the angles of a triangle will be 
designated by the letters A, B, C, which are placed at the angular 
points of the triangle; and the lengths of the sides respectively 
opposite to the angles A, B, C, by the letters a, b, c. 

70. The Sines of the Angles of a Triangle are propor- 
tional to the Sides respectively opposite to them. 

Let ABC be the triangle. From C draw CD perpendicular 
to AB, or AB produced either way. 






DC 
Then Sin C AB = sin C AD =^~. 

(With reference to the third figure, see Art. 26.) 

Also, Sin CBA = sin CBD=~; 

CB ' 

^CAB _ CB 
''' smCBA " CA ' 



Sin A a 



Sin A Sin B 



a 
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In like manner^ if a perpendicular were let fall from B upon 
the side opposite to it^ or that side produced^ it might be proved 



that 

Sin A Sin C 



a 



Wherefore, = — y — = ; — the magnitudes of the lines 

a, by c, being represented by the number of units of length they 
respectively contain : for otherwise Sin A and a would not be 
quantities of the same kind, and consequently no ratio could 
exist between them. 



71. Since (Euclid i. 32), the interior angles of a triangle 
are together equal to two right angles, 

J + 5 + C=180<». 

. . Sin A a , Sin B b 

^^'""^ ShirB'^b'' ^"""^ SiiTC-c- 

And three of the parts of the triangle being given, the remaining 
three parts may be determined by these three equations. 

One, at least, of the three given parts must be a side, or the 
ratios only are given which a, b, c, bear to each other, and their 
magnitudes cannot be determined, because there are but two equa-i 
tions given, 

/ , Sin J a . S'mB b\ 

(^namely, -^.^-^ = ^, and g^-^^^-J, 

for determining the three unknown quantities a, b, c. 

And this is also apparent from the consideration that an in- 
definite number of equiangular triangles, of all possible degrees of 
magnitude, can be formed by drawing lines parallel to the sides 
of a given triangle. 



72. There is however one case, commonly called ^Uhe am" 
biguous case", in which the equations of the last article are not 
sufficient to determine the triangle when three of the parts are 
given. 
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If tzvo Sides be given^ and aii Angle opposite to one cf 
them (a, b, A), the triangle can be determined only tclien tne 
side opposite to the given angle is the greater of the txco given 
sides; i.e. when a is greater than b. 

The equations of the last article are 

(i) B+C=180»-il, (ii) SinB = -.8iii^, (iii) c = &.?^^^. 

If B can be determined from (ii), C and c are known from 
(]) and (iii), and the triangle is determined. But since the sine of 
an angle is equal to the sine of its supplement, there are two 
values of the angle B which satisfy (ii), the one greater and the 
other less than 90°. 

(1) Let a be greater than b; ,*. A>B. Eucl. i. 18. 

Now B cannot be greater than 90*; for if it could, then A-^B 
would be greater than 180°, which is impossible, (Eucl. i. 17.): 
.*. J?<90°, and the lesser angle which satisfies (ii) is to be taken 
for the value of B. 

(2) Let a be less than b; ,\ A<B. 

In this case, since the only limitations, B + A<lS(y, and B->A, 
may be fulfilled whether B be greater or less than 90°, it is im- 
possible to determine from (ii) whether -B be > or <90°. 



Thus if CB=:CB\ it is evi- 
dent that both the triangles ABC, 
AB'C have a, b, A of the same 
values; also, in this case, 

^ A h less than the exterior 
angle CBB', or the exterior an- 
gle CB'D, i.e. A is less than 
CRA, or CBAi and also a<6. 
been asserted above. 




**-.. 



T^B^ 



Which agrees with what has 



73. To find the Cosine of an angle of a Tiiangle in terms 
of tlw Sides. (Figs. Art. 70). 

Let ABC be a triangle, and from C draw CD perpendicular 
to AB, or AB produced either way. 
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Then;, figs. 1, 2 of Art. 70, 0^"= AC+AB'-QAB.AD, 

Eucl. II. 13. 

%. 3, CB'=:AC'+AB'+2AB.AD, Eucl. i. 12. 

AD 
And -jry = cos CAD, = cos CAB in figs. 1, 2. 

^--cosCAB in fig. 3. ..(26). 

Therefore in each of these cases, 

CJ5»= AC'+ AB'-- 2 AB. AC. cos CAB ; 

.-.CosCAB^^^M^:^^; Or Cos^ = *'^'^-«' 



HAB.AC ' — "- gjp 

'S . (S - a) 

;m7 (am«& v>os ^ -ti. = ^ / 

S = i (a + b + c). 



74. To ^A^ax? <Aa^ Cos ^ A = ^ ~~~^ — ^ » a?A^r(? 



For 1 + cos A=l+ — -T = TTT 

26c 2oc 

~ 2bc " 2bc 

Now, 1+ cos i4 = 2 cos* i A, {39. 2). 

And S'-a = ^(a + b + c)-a = ^(b + c-a); 
. '-ra^'^ i (b + c + a).ib + c--a) 2S.2(S^a) 

...Cosi^ = y^l^). 

75. To shew that Sin ^ A = /^^ " ^j^'J^ "" ""^ . 

By Art. 39- (3), 

2 sin^ i-4 = l-cos-4 = l —, r= ^^- L 

^ 2bc 2bc 

_ (fl + c ~&) . (fl -f & - c) 
Wc • 
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Now S-b^i(a + b + c)-b = i{a + c-b), 
and so iS — c = ^(fl + 6— c); 

* 26c ' 

* V 6c 

The positive sign of the root must be taken both here and 
in the last Article; because A, being an angle of a triangle, is 
less than 180°, and therefore Cos ^-4 and Sin^J are necessarily 
positive quantities. 

76. SinM = 1 -cos'^ J = (1 +cos^) . (1 -cos J) 

I b' + c'-a'l ( b' + c'-a^) 
= V'-—¥b^\'V 26^} 

= 12 « • (6 + c-a).(6+c + fl).(a + 6-c).(fl + c — 6) 
^ .2S.2(S-a).^(S-b),2(S'c) 



Wc 



= ^,.S.(S-a).iS-b).(S-c); 
.-. ^mA=^^J{S.{S-a),{S-b).{S-'c)}. 

' ^ cosiJ V S,{S-a) 

77- To explain the meaning of the double sign of the second 
member of the equation 



«-4--V-^ 
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Since Cos(2».180o±^) = cos^, (25); .-. cos(2».180o±^)= ^^_ . 

Whence it may be proved in the same manner as in (74), that 

Cos(n.l8ao±i^) = ±\/^^-=^. 

Now the first member of this equation ought to furnish two sets of angles whose 
cosines are of the same magnitude but are of different signs. 
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First. Let n be even, and = 2m. 

Then Cos (n . I8O0 ± ^ ^) = co8(2m . 180° ± ^ -4) = cos (m. 360o ± ^ ^) ; which, 
by making m equal to 0, 1, 2, 3... successively, gives the series of angles :t^^, 

3600 :hi^A, 2 X 3600 ± ^ ^, 3 x 360o ^^Ay aU the cosines of which are of 

the same magnitude as that oi ^^ A^ or of + c^- A, 

Second. Let n be odd, and = 2m + 1. 

Then Cos {n . I8O0 ± -J y| ) = cos {2m . I8O0 + ( I8O0 ± ^ ^ )} • which, by making 
m equal to 0, 1, 2, 3... successively, gives the series of angles lOOOdb^^, 

3600 + (1800 i ^), 2 X 3600 ^ (j^qo ± ^ ^), aU the cosines of which are of 

the same magnitude as that of I8O0 ± A, which 

= cos (1800 ± i ^) = - cos ^ -4. 

Wherefore the first member of the equation does furnish two sets of angles whose 
cosines are of the same magnitudes but are of different signs. , 

And in like manner sets of angles may be determined corresponding to each 
of the signs affecting the expressions which have been obtained as the values 
of Sin \ Ay Tan ^ A, and Sin A, 



I. ON THE SOLUTION OF RIGHT-ANGLED TRIANGLES. 

78. The right angle, a side, and another part being given, 
to determine the remaining parts. 

Let ABC be a right-angled triangle, C being the 
right angle. 

(1) Let c and A be tlie other given parts. 

Then - = cos A : and - = sin -4 ; 
c c 




fljo^ =1jqc + LcosA — 10; 
l^io« = *-\qC + L sin^^ - 10; 



^10^ = KoC + L COS A — \0; which determines b, 

which determines a. 



Also, z 5 = 900 -J; which determines B. 
In like manner, if B were the given angle, A might be determined. 
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(2) Let A and b be given. 
Tlien -.- = sec A ; and j = tan A ; 



l^ioC =Kob + LsecA-10; which determines c, 
I 'io« = ^10^ + J^ tan A- iO; which determines a. 
Also, B = 90'^-A; which determines B, 



(3) Let A and a be given. 



Then -j- = tan A ; ,\ b = 



b •^'"' "^ XmA' 

And lio6 = liofl - L tan -<4 + 10, 

Again, - = sin ^ ; .% c = -: — - , or = « . cosec A . 
c sm yl 

And lioC = liofl-L8in^ + 10, 
Again, J? = 90** - ^. 

(4) Lf?^ a, b be given. 

Then, tan A =t; >'* L tan A - Ima - Iio6 + 10. 

o 

Again, 5 = 90° -J. 

Again, y = sec A ; .*. lioc = 'lo /> + L sec /J - 10. 

The equation c = V(«* + ^') would give c ; but the operation of detennining 
c is tedious, particularly if a and b be large numbers. 

(5) L^^ c awd a 6^ given. 

Then, sin -4 = - ; and .•. L sin J = Ijort — ^loC + 10. 

Again, - = cos A ; .*. iio6 = 1 loC + L cos A — 10. 

c 

Or 6= = c'-fl' = (c + a)(c-(i); 
A lio6=-^-{lio(c + fl) + lio(c-a)}; 
which determines & without previously finding A. 
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79. Different methods must be used in different cases to deter- 
mine the unknown quantities; for what is said in Appendix iii. 
11. must always be carefully borne in mind, and such a formula 
selected in each case as may be calculated to give the result with 
the greatest practical degree of accuracy. 

Thus in the last case, if b he very small compared with a and c, the angle ^ 
is nearly a right angle, and the increment of sin A corresponding to a small given 

increment a of the angle, [i. e. cos ^ . sin a.{i — tan ^ . tan ^ a}, (39)], is in- 

considerahle, and does not, hesides, vary nearly as the increment of the angle. In 
this case therefore the value of A cannot be determined from the Tables with any 
great degree of accuracy. (App. iii. 11.) 

The better way of determining A in such a case is first to find the value 
of b, and then to determine A from its cosine. 

Thus CosA--; .', LcosA ^^lob-^QC +\0, 

= i • {\o{c + «) + 1 10 (<? - a)} + 10 - l,o<?. 

80. Example. Given c = 365*1, and a = 348*3, to Jind A. 

(The Logarithms employed in this Example and others, will generally be 
found in the three pages of Logarithms' subjoined to Appendices i. and ii.) 

Here, c + a = 713*4, and c - a- 16*8. 

Performing the operations indicated in the last line of the last Article, 

lto713-4 = 2-8633331 
1,0 16-8 = 1-2263093 



2 ; 4-0786424 

20393212 
10 

120393212 
lio3061 = 2-5C24118 



9*4769094 
And /. cos 72«, 33' = 0-4769380 See App. iii.9. Ex.4. 



Difference = 286 



Now DifF. for 1" is in this case 67-016 ; 

and j^^^= 4-267 = 4*27 nearly, 
.*. ^=72®, 33', 4 "•27. 
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II. ON THB SOLUTION OP OBUQUB-ANOLRD TRIANGLBS. 

81. Let two angles and the side between them be given. 
(A, C, b.) 

S'mceA+B+C=lSO', .. B = ISQP - (A + C) ; ^^, 

which determines B. / / 



^ sinB' f- — 



li 



.•. ^lofl = ^10^ + L sin ^ - L sin 1? ; which determines a. 

. . , sin C 

® ^ sm 5 ' 

/. ijoc - ^106 + L sin C - 2/ sin £; which determines c. 



If the value of B be not required ; since 

Sin B = sin {180° - (^ + C)} = sin (A + C), 
.'. ^lofl = 1,06 + L sin -4 - L sin (A + C) 
and iioC = lio^ + L sin C - L sin (A + C). 

82. Ze^ ^ze;o angles and a side opposite to one of them be 
given. (A, C, a.) 

Then, J5f = 1800-(J+ Q. 

Again^ h-a.—. — 7: .•. l.ofi = linfl + L sin 1?- Lsin^, 

sin -4 

or = liofl + L sin (-4 + C) — L sin i^. 

Again, c = a . -; — ^ ; .•. IjoC = Ijoa + L sin C — L sin -/^. 

83. Let two sides and the angle included between them be 
given, (c. A, b.) 

First, to determine B and C. 
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b - sing - 

.. b sinB 7~^ wnC" 

Also, - = -.--^ ; 



c 



7. + ^ Hin r^^ 



' are known; 



b-c_miB--sinC tan^(g-C) 
•'•6 + c"sinB + smC"tani(^+C)* ^ ^' 

And Tmi (B + C) = taxi^ (18(fi- A) = cot^ A ; 
.-. Tan^(J5-C) = ^— .cot^^; 

.-. Z.tani(B-C) = lio(6-c)-l,o(6 + c) + Z.cot^^. (2). 
^(B—C) being thus determined, and ^(B-hC) being known, 

and C = i(J5+C)-i(B- Q, 

And a = c . -t — j^ determines a. 

smC 

84. The side a can be determined without previously de- 
termining B and C (c. A, b.) 

For a* = 6* + c* - 26c . cos -4 

= 6»+c«- 26c.(l-2sin*^^) 39- (3). 

= (6 — c)* + 4 6c . sin* ^ -4 

= (6-<')'-{l + (|^-sini^y}. 

2 /^ftc 
Now ,^ — . sin ^ ^ may be of any magnitude and sign, and 

therefore there is *07«c an^rle of which the tangent is equal to 
this quantity. Let Q be the angle. 

Then Tana = |^.sin^^ (1). 
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And fl*=(6-c)».(l+ton*a) = (6-c)».sec*^; 
.'. a = (b-c) . seed (2). 

From (1), L tan e = l^S + ^ IiqA + ^ \oC-ho(ff -c) + L sin ^ A, 

= i (lio^> + 'loc) + lio2 + L sin ^ -4 - lio (& - c) ; 
which determines 6, 

From (2), Ijofl =^ 'm (^> - r) + L sec ^ - 10 ; which determines a. 

8r». If 6 = c nearly, A - c is very small, and _„^ . sin ^ ^, the value of tan tf, 

is very large, (unless ^A, and therefore sin^^, be very small). And since the 
tangents of angles which are nearly right angles are very large, in this case is 
nearly a right angle. 

Now if it be required to find from its tangent, an angle which does not 
consist of a certain number of degrees and minutes exactly, the additional seconds 
have to be determined on the principle that the increment of the tabular logarithm 
varies as the increment of the angle. But when the angle is equal to (2n + 1) .90° 
nearly, this principle does not obtain for the tangent, 62, Cor., App. iii. 11 ; and 
therefore cannot in this case be determined near enough to find a with any great 
degree of exactness from the equation a = {b~o) . sec 0. 

When therefore c is nearly equal to 6, and A is not a very small angle, the 
following method will give a with more exactness than the last Article does. 

a^^b^ + c''2bc cos^ = i«+c2- 2bc . {2cos«i^ - 1| 39. (2). 

- (63 + C2+ 2bc) - ibc . cos4 J = (6+ c)2 . 1 1 - (^^ . cos^^^^ |. . 



Now (y/b~y/c)^, or 6-2\/6c + c, being a square, is necessarily a positive 
quantity: therefore the positive part of it is greater than the negative part, or 

b+o>2Vbc; .*. -r — - is fractional, and a fortiori 4— ^ . cos A^ is fractional. 



2 \/bo 1 
Let therefore <* be the angle whose sine = ''t .cos^-^ (IX 

Then, a- = {b + c)" . (1 - sva^ tf*), and .♦. « = (6 + c) . cos</) (2). 

From (1), LsiiKt* = lio2 + ^lir,i + ^lioC-lio(ft +c)+ /* cosA-4, 

= 9[(lio* + ^io<'*) + ^io2 + /*cosi^-l,o(fi + c). 

(2). liu« = 'io(* + c) J ^'C0S</» 10: 

which give tp and a respectively. 
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86. Let two sides be given and cm migle opposite to one 
of them, (a, b, A.) • 

It has been shewn in (72) that with these data the solution 
is ambiguous unless a be greater than h. But if a be greater 
than by then 

Sin B — - ,smAy where B is an angle less than 90". 
Also, C=lSO'-(A + B); and, c = a.^^^. 



87. Let all the sides be given, (a, b, c.) 

Now, Sin^ = ^ n/{'S' . ('S' - a) . (5 - 6) . (5 - c% 






* When the three sides of a triangle are given, the angle A is more easily found 
in practice by dividing the triangle into two right-angled triangles in the following 
manner, than from the formule in the text. 

If a perpendicular CD be let fall from the vertex on the base or the base pro- 
duced, it may be shewn from Euclid ii. 12, 13, that 
Base 
: Sum of the other two sides 
:: Difference of the sides 

: Difference, or Sum, of the segments of the base ; 
the fourth term of the proportion being the Difference of the segments of the base, or 
their Sum, according as the perpendicular cuts the base or the base produced. 

And the fourth term of this proportion being found, AD (= AB ^ BD) is known, 

and thence Gos-^ ( = 'Trj ™*y ^® determined, 

4 
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88. Obi. If ^ be nearly 90°, the fint lionniila of (87) win not gire the Tilne 
of A very exactly, because the increment of sin ^ does not in that case tmej as 
the increment of A, and it is also very small; App. iii. 11. In this case any one 
of the last three forms may be used, and the second or the third form must be 
taken according as cos^^ or un^A is the greater, i. e. « ^A is less or greater 

than 45% (63). The fourth form is applicable in all cases except where ?^ is 

nearly 90°, (62). 

89. Examples, l. If BC be a perpendicular object standing 
on a horizontal plane, its height may be determined y(B 
by measuring in that plane a line AC, which is 
called a hose, and observing the angle BAC with a 
proper instrument. 

For BC=^AC,i2iXiBACi 

,\ l,oBC = l,o-4C+Ltan5i4C-10. 

2. If it be not practicable to come to the foot of the object, 
let a base DA be measured, such that the points D, A, C may 
be in the same straight line; and let the angles BDA, BAC be 
observed. 

Here two angles are given and a side of the LB AD. 
By first determining the side BA the height BC can be 
found from the light-angled triangle BAC. 

,_. BA ^mBDA %mBDA 

Thus, -r^ = - 





AD sin DBA sin {BAC- BDA ) ' 

And BC = BA . 9m BAC = AD , -^-r-rs-rr, ^r^r-rri 

»m{BAC-BDA) * 

.-. 1,0 BC = \o AD -^-L Bin BDA + L sin 5^C - L sin {BAC - BDA) - 10. 

3. If D be not in the line AC, the height BC can still be 
determined. 

At A let the angles BAC and BAD be ob- 
served, and at D the angle BDA. 

Then in the A BDA, the angles BDA, BAD 
and the side AD are given. If then BA be p 
determined from these data, BC can be found from 
the right-angled triangle BAC. 

Thus - ^ _ sin BDA ^nBDA 

' AD sin DBA ~sm{im-- {BDA -\-BAU)y 




.'. BA = AD , 
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sin(BDA + BAD)^ 



And BC^^SA.nin BAGDAD, . , „n . — wTTr:i 

sin ( BDA + BAD) 

K^C^\oAD -k-LBinBDA + L^BAC -L^niBDA + BAD) - 10. 

[It \s evident that this determination of BC is not affected by the circumstance 
of D Ijvig out of the horizontal plane which passes through A and C. Hence it 
follows that if a straight base AD be measured in anff durection from A, and the 
angles BAC, BADy BDA be observed, these data will be sufficient for finding 
the height of B above the horizontal plane passing through A and C] 



4. Jiequired to find the breadth of a river AD, from ob* 
seryations made from the top of a tower BC of which height is 
known. (Figure to Ex. 2.) 

At B let there be observed the angles of depiessioa of the points D and 
A below a horizontal line passing through B and parallel to CD. The angles 
BDC 9nd BAC are equal to these angles of depression; and 

sm BDA sm BDA 

BC sm(BAC ' BDA) 
~%\nBAC' BID, BDA 



5. Required the error in height arising from a small given- 
error in an observation of the angle in Example 1. 

Let BC=h, AC^a, ^ BAC r=: A. 

Let k be the error in height produced by an error a of the observed angle. 
Then ^ = a.tan^, h + k = a,tan{A -k-a); 

.•. A: = a.{tan(^ + a)-tan^} = a. { )—: { -A 

* ^ ' * icos(^ + a) cos^) 

8in(^ + a).C08 ^ — C08(^ -h a).8in^ _ sin{(^ + a) - ^} 
cos(^ + a).C08^ "" * COS (^4- a). cos ^ 

= a . — j-j; since cos^ = cos(^ + a) nearly, when a is very small, ((JO). 

Cor. Hence it can be determined when the error in height, 
arising from a small given error in the observed angle, will be 
the least. 

4—2 
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^ , am a h Rina 

For k = a, — m^i 1 — r j 

cos'^ tan A co/&*A 

__ A. sin a _ 2A.sina 
~ sin -^ . cos ^ ~ 2 sin -4 . cos A 

_ 2h . sin a 
" sin 2^ 

Now h being constant, and a being given, this expression, (which is the error 
in altitude), will be the least when sin 2^ is the greatest; that is, when 2A =z 90", 
or A is 450. 

The observer therefore ought to move along the base until 
z BAC = 45®, and then by measuring AC he will determine CB 
(which is in this case equal to AC) with the least chance of 
error. 



90. To Jind the Area of a triangle^ tlie sides being given. 

Let ABC be the triangle, and from C draw CD perpendicular 
to AB, or to AB produced either way. 



.X V 



\ 



1> 



li 





Then Area of the triangle ABC, being half the rectangle on 
the same base and between the same parallels, 

= iAB.CD = iAB.AC.smCAB 

= i^^-^-N/{^-('^-«).(^-^).(^-c)l, by (76). 

= J{S.(S-a).{S-b).(S-c)]. 

91. The Area of the trianMe also = ia^. ^I'^ * ^^"^^ . 

® " sm (B + C) 

For ATea=-iAB.CD = iAB,BC. sin B 

1 35/^ sin C jj^ . jj 18 sin £ . sin C 

=^BC.-. — -r.BC.smB = ia'. , , p ^ - ; 

* sm^ * (smB + C) 

since Sin A = 8in {180^- (B + C)} = (sin B + C). 
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92. To find tlie Radii of ike circles described within cmd 
about a regidar polygon of amy number of sides. 

Let AB be & side of a regular polygon of n sides. 

Since the polygon is regular, it may have a circle 
described in and about it ; and each of the sides will sub- 
tend the same angle at the common centre C of these 
circles. 

Draw CD perpendicular to AB, 

Then AD-DB, and CD is the radius of the in- 
scribed circle. 

Let r = CD. and -B = CA, 
Now the sum of all the angles which the sides subtend at C=:nxlACB- 360^ ; 

.'. AACB^^^; ,'.iACD=XaACB = -^; and ^f^ = tan -4 CD ; 
n ^ n CD 




180« 



.'. Ty = CD^=: AD, cot ACD = iAB. cot — 

* n 



(1). 



Agam, J^ = ^C'=-j^-^-^^=-3__^=^^jj.cosec -- (2). 



sm 



n 



93. To find the Area of a regular polygon of amy number 
of sides which is described within or about a circle of given 
radiums, ^ 



Let AEB be an arc of the circle whose centre 
is C ; AB A side of the inscribed regular polygon 
of n sides; CE at right angles to AB, and there- 
fore bisecting it; FG a tangent through jE; then 
^6 is a side of the circumscribed polygon of n 
sides. Let CA^^r, 



. Wfi « . 1800 

AB = 2AD = 2 . r . %mACD = 2r . sin -^— = 3r. sm 

in n 




FG = 2FE = 2r . tan 



1800 



n 



A — area of inscribed polygon = n . A CAB 

CA. CB, sin ACB n , . SCO© 
2 2 n 

A' - area of circumscribed polygon = n . A CFG 

1800 



= ». CE ,FE = n .r^, tan 



n 
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ii nu7 be tbiu compaKd; 

, iince the £4 Are timilv^ 
fCD\' .180° 

94. To ^nd ^ ^reo qf a regular pdygon of a. sides in 
terms of a side tf the pdygon. (Fig. Art. 92-) 

AB bring ■ lide of the poljrgoii, 

Am = n.cCAB = n.\AB.DC = ^n. AB.AD.aaHACD 



95. To find the Radii qfthe cirdes described in and about 
a triangle ^ which the sides are given. 

Let the Unci biaecting the anglei^ ind B meet io O, A^ 

end frgm O drair OD, OE, OF peipendiculan to the sidei. /l\ 



Now, Amo( t:iABC = tiAOB + CiBOC+C^COA-, 

.■.^{S.(S-a).{S-b),{S-c)\ 

... r ^ .^/( ^-■')-(J -t ).(J-e) 

AgaiD ; biMct the aidei of the triengle in D, E, F_, 
tmd draw peipendiculen meedng in • point O wMch is 
the centre of the circumscribed circle; R, its tkdius, 
= OA = OB= OC, Euclid IV. 5. 



And .■.A = ^BOC, EacUdiii. 20; 
■■. Sin^=iini«OC = «hiflOB= ff"^' 



4^{S.{S~a).iS-b).(S-e)) 
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96. To find the Area of a quadrilateral figure of which 
tlie opposite angles are supplements to each other. 

Let ABCD be the quadiilateraL 

Let AB=a, BC=b, CD = c, DAz=d; Join AC. 

Then Ate&ABCD =^ LABC+£iADC 

= ^ab , smB + ^cd ,8iaD 

= ^(ab+cd) . sin 5, 
since SinD -an(l80P-D) = smB. 
Now from LABC^ o«+6«-^C«=2a6 .cos5; 

and from LACD, c*+cP-^C*=2crf. co8D=:-2cd . cos^; 
.•*, by subtracting, a«+6*-c*-d«=2(a6+crf) . cos5; 

€ 2{ab+cd) J 

4(ab + cd)'-{a*^h'-c^-d^)^ 
4{ab + cdy 

And {axeAABCDf^liab-^-cdf.sia'B; 
••. = ^ . {4 {ab + crf)« - (o«+ 62 - c2 - (P)»j 

= ~ . {2 (flfi + cd) + (flS + 6* - c* - rf«)} .{2(ab + cd) - (a« + 6« - c^ - rf2)J 

= Tg.(a+6 + c-d).(a + 6 + rf-c).(c + d + a-6).(c + rf + 6-a), 

and if iJ = ^ (fl + 6 + c + d), 

Area ^5C2) = y/{(S ~ a) .(S ~ b).(S ~c).(S ~ d)]. 

97. The determination of the unknown quantity in an equa- 
tion may often be facilitated by breaking the equation up into 
two others by means of the Goniometrical Ratios. This artifice 
has been employed in Arts. 84, 85, and the following are ad- 
ditional examples of its use. 

Examples, (l) Having given a, a, and 0, to determine 1 in a 
form adapted to logarithmic calculation from the equation. 

Sin a =■ cos /. cos d . cos a + sin / . sin d ; 

(^Hymers* Astronomy, Art. 154.) 
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The equation may be thus written, 

. ^ / . f I cosi.co»a\ 

Sin a = sin d . I sin / + cos / , .-^ — j . 

Now since there are tangents of every magnitude and sign, there is some angle ^, 

such that 

„ sin d> cos d . cos a ^- ,-^ 

Tancb, or ^, = — -j— 5 = cotd.cosa (1); 

cos<^ smo 



(, sin <b\ 
sin / + cos/. ^^^ ) 



= .(sm/. COS0 + COS/ .sm<f>)= -. sm (/+<^)^ 

cos tp cos 

.. ,. V sin a . cos d) ,«. 

•*• ^^i" (' + <>) = — SiT^ (^)- 

From (1), L tan ^ = L cot 8 + L cos o - 10, which gives <p, 

(2), Z sin (/ + ^) = Z sin a + L cos — L sin B, 

which gives l + <t), and thence /. 

(2) To express a . cos ^ + b . cos {6 + a) under the form 

A . cos (B + d). 

hct /o = a . cos + ft . COS (6 + 0) 

= a . cos + 6 . cos a . cos — 6 . sin a . sin 

= a . (1 + — . cos a) . cos - 6 . sin o . sin 0. 
a 

b h ' 
Let be the angle whose tangent is - . coso, or. Tan = — . cos o (1). 

1 ^ 1 . 

-7= . COS <f> + —7= . sm d» 

.*. 1 + -. coso = l + tand>= ^^— ^ — ^ ^_ . 

a ^ cos(f> COS0 

_ /^ sin 45<^ . cos «j» -h cos 45" . sin <p _ /^ sin (45<^ + 0) ^ 

~ ' COS0 ~ * COS0 ' 

^/jr sin (46® + 0) , a ft.sma.cos*^ .a, 

.-. p = a . V 2 . ^ — —^ . { cos _. — . sm I . 

CO8 a. V2.8in(46»+0) 

T . m .t ft • sin a . cos <b 

Let T^ 4»'= ■= -f^ — , (2). 

a. V2. sin (450+0)' ^ ' 

•'^^ " = -^- '^^^- ■ - (*'-:»)' ('> 

a result of the required form. 
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(3) Adapt . / u + a/ u '^ logarithmic computation. 



a ~ b /a + b a - b + a + b 2a 



V^+v/: 



o + 6'^^jr^" v(«*-^) "" V(«*-*') "" ^//, ^'X' 



A' -5) 



6^ 
Now -^ is necessanly a positive quantity, and it may be of any magnitude; 

b^ 
let therefore be an angle such that Tan*6 = -5; (1). 

2 2 2co80 



A'-i)'^\'-myi 



Vcos«0-Bin«0 



2CO80 

— T — ; an expression of the required form (2). 

cos^ 20 



1. Def. The angles introduced to assist the solution of an 
equation^ by breaking it up into other two equations or more^ are 
auled Subsidiary Angles. 



CHAPTER V. 



ANALYTICAL TRIGONOBIETRY. 



99. The Circumference of a Circle varies as its Radius. 



Let P, p be the perimeters of two regular polygons of n sides each, which 
are inscribed in two circles whose radii are J?, r and drcumferences C, c re- 
jipcctively. 





Let X=C-P, jr = c-p. 

Now when n increases, P and p increase; therefore X and jr are variable 
quantities dependent on the value of n. 

Let AB, ab be sides of the polygons; C, c the centres of the circles. 

Then lACB - = lacb; and ACB, acb are similar triangles : 

11 _ AJl ^ny^ AB _ P _ C-X 

r ~ ab " nx ab 



P 



c — x 



.*. Rxc— RxJc = rxC-rxX, 

Now since /? x c, r x C are constant, and 11 x j*, rx X are variable quantities, 
by Francceur^s Pure Mathematics, Art, 167, 

H X c = rx C, and J? x a* = r x A" ; 






7^' 



or c oc r. 
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^ , o* c i the eiiciimfierence of a cixdeX . 

Cor. 1. Since cc«r; .% -, lor -: ^l is a constant 

r' \ radios / 

quantity. 

This constant quantity is always represented by 2ir; the approximate value 
of ir^ (3*14159... )) will be determined hereafter. 

Cor. 2. Since — = 2«* ; .*•<;» 2<rr ; or 2irr represents the circumference 
of a circle whose radius is r. 



100. The Circular Measure of an Angle. If cm 

arc he traced out by a pomb m the line CB, by the revolution 

of which Jrom the position CA an angle ACB is descried, 

the angle ACB may be properly mea^sured by the ratio 

arc AB 

radius AC ' 

Since in equal circles^ (and therefore in the 
same circle^) angles at the centre have the same 
ratio to each other as the arcs on which they 
standi Euclid vi. $3, 

A ACB arc AB 



» • 




4 right angles whole circumference ABDA 

2w CA 

T^T , 4 right angles . ^ ^ ^.v -^^ • 

Now, since ^— — is a constant quantity, ^rj increases 

or decreases in the same ratio as the angle ACB increases or de- 
creases, and therefore — y — ^^ * proper measure of the magnitude 

of an angle. 

-,^ « , 1. 'J ^ 1. I ^ the subtending arc 

W nereiore an angle may be said to be equal to ^. . 

° "^ ^ radius 



arc 
CoR. 1. If ^ = — p— , then Arc = rS. 

radius 
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Cor. 2. Since the circular measure of an angle (arc -f- radius) 
becomes unity when the arc is equal to the radius^ the angle which 
is subtended by an arc that is equal to the radius is the Unit of 
Ike Circular measurement of angles. 

101. In the preceding Chapters the magnitude of an angle has been measured 

by the number of times it contains a fixed and definite angle called a degree, 

and its subdivisions; for several analytical investigations, however, the circulsr 

arc 
measure --^. — is much more convenient. The circular measures of angles will, 

generally speaking, be denoted by the letters of the Greek Alphabet. 



— p — ) of an 

angle, to determine how many degrees the a/ngk contains; 
a/nd conversely. 

Let d be the circular measure of the angle which contains 
A degrees. 

^. circumference ^ i ^t_ • i» u*. j^ x* 

Since r- =27r. and the circumference subtends four 

radius 

right angles, therefore Sw is the circular measure of four right 
angles. 

-J ^^ _ given angle _ B 
^^ 360^ "" 4 right angles "" 2^ ' 

••• ^ = ^"-3^ = i?0-^ (^)- 

= •017453 ... X A. 

And ^ = 360.-^=— .e (2). 

= 57-29577 . . . x ^. 
Ex. 1. l£ A^ 60, 

^ = -g^ . TT = i X 3-14159. . . = 1-04719 
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Ex. 2. Required the number of degrees in the angle which is 
the unit of measurement when the circular measure is used ; i.e. the 
degrees subtended by the arc which is equal to the radius, (100. 
Cor. 2.) 

Here 0=r_^ = l; 

radius 

60 



177462 
60 



44772 



And the degrees, minutes, and seconds required are 57®, 17', 44" 77. 

Cor. 1. The number of seconds subtended by an arc which is equal to the 
radius with which it is described, is 57*29577 x 60 x 60 =r 206264772 = 206265 
nearly. 

The number of minutes subtended by the same arc is 3438 nearly. 

Cor. 2. Since the angle subtended by an arc which is equal to the radius 
contains a degree 57*29577 times, the unit of measurement when the magnitude 
of an angle is estimated by the circular measure is 57*29577 times as great as 
the unit of measurement when the angle is expressed in degrees. 

103. Four right angles being represented by 2*^-, and therefore two right 
angles by ir, if the angle A^ be represented, according to the circular measure, by 0, 
it follows from 24, 25, that 

cSine= 8in(2n'3r + 0), or — sin (2n'»r — 0). 

?Sin 0=-8in{(2» + l)'»r + 0}, or sin {(2n+ 1) 'jr-0}. 

rCos0= cos(2»ir + 0), or cos (2n'ir — 0). 

(Cos = -cos{(2»+l)'jr + 0}, or -cos {(2» + l) 'ir-0}. 

jTan0=: tan(27i'7r + 0), or - tan(2w'ir-0). 

?Tan0= tan{(2» + l)ir + 0}, or -tan {(2» + l) 'jr-0}. 

J Sec = sec {2»ir + 0}, or sec (2»'ir - 0). 

<Sec = -seci(2»+l)'7r + 0}, or -sec {(2n + l}x-0}. 



104. The Circular Measure of an angle less than a right 

cmgle is greater than the Sine and less than the Tangent of 

the angle. Also as the angle decreases^ each of the quantities 

6 

—. — - and 7 — ~ amyroaches to unity^ and an vaniMnff. each 
siaQ taxiQ ^^ ^ ° 

does become equal to unity. 
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Let ^ be an angle less than a right 
angle, and = z BAC, = z CAR. From 
any point C in AC draw CB, CBf perpen- 
dicular to AB and AB'; then the triangles 
CAB, CAB'oxe similar and equal in every 
respect. With centre A and radius AB 
describe a circle; this will pass through 
B', and BC, B'C will touch the circle in 
B and B'. Join BB', cutting AC'inN. 




Then (Legendre's Geometry, iv. 9')> ^c BB' is > BNB' and 
/. - -v^Ff->-2 — >-=: — and IS < ^-^ — ' 



J5 



J^ 



^J5 



^ BN . . BC 
ora>-^-^, andis<-j5; 

that is, 6 > sin ^, and is < tan 6, 



Again; since 6 lies between sin^ and tan^. 



^ ,. , , tana 

-7 — 7; hes between 1 and -; — ^, 
sin sm 



(•• ^ ^fl) 



But when is diminished, cos 6 is increased; and when is 
diminished indefinitely and vanishes, cos becomes equal to unity. 

Wherefore -r— ^j becomes ultimately equal to unity, and consequently 

a 1 

^, which = —-^ -r ^, likewise ultimately becomes equal 

tan a sm^ cos^ '^ ^ 

to unity. [^Lefebure de Fottrcyl^. 



105. If be an angle less than a right angle. 



Sine<e-'i;0\ 



Sm0 = 28m^d. 008^0=^-?^^ .cos'i0; 

cos ^ V 



but 5^" ^ ^ 



cos 



1^, (=taniO), is >^0. (104). 
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.-. SinO>2.(ia).co8'ia 
>^.{l-sin«i6} 
a fortiori, >^{l-(4^)'} 

106. The Sine of a very small angle is equal to the 
Circular Measure of the angle^ very nearly. 

Since, (105), Q-\&'<^mQ, 

Now if the angle be very small, ^ is a very small fraction 
and ^ 0^ a still less quantity, so that the circular measure may be 
written in the place of the sine in any numerical calculation into 
which such an angle enters without introducing errors of conse- 
quence by the substitution. 

CoR. If a and ^ be the circular measures of two very smal 
angles, 

sin a _ a _ the number of seconds there is in tlie z a 
sin j^ ~~ ft~~ number of seconds in z /3 

sin ^" __ 2 sin 2," _ 3 

xience -■: 777 — "t » • ,/# — -^ 
sm 1 1 sm 1 ' 1 

And, generally, if a be any small number, but not otherwise^ 

sin n" n 



sin 1" 1 ' 
.-. Sin 2" = 2 . sin 1", Sin 3"= 3. sin 1", Sin»"=«.sinl". 

107. Required the number of seconds contained in the angle 
of which is the Circular Measure, 

Let a be the required number of seconds. 

Arc subtending a" a 



Now, in the same circle. 



Arc subtending 1" 1 ^ 
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arc subtending a! ' 

radius 
arc subtending 1" * 

radius 

„ ^ . , .i • ^c subtending a" ^ , . ,.. . 

But, by hjrpothesis, -^. ^ = ^ . and since 1 is a 

very small angle, 

arc subtending \" . ,,, , /,^»n 

.-. -T^ — =8ml , nearly; (105). 



,'. a = -7- 



sinl"' 
A Result which is often of great practical use. 

108. The Area of a Circle of radius r is irr': 

The Area of a Regular Polygon of n sides inscribed in the Circle is n times 

2ir 

the area of a triangle two of whose sides are r, r and the included angle — ; 

9 ^ Sin — 

.'. Area of the Polygon = n . -5- . sin — = irr* . ,a > • 

\n) 

Now as the number of the sides increases the Area of the Polygon approaches 

nearer and nearer to that of the Circle, and when n is infinite becomes identical 

2w 
with it; in which case — becomes an indefinitely small angle, and therefore 

Til 

sin ^^ -^ becomes 1. (104). 

.'. Area of the Circle = irr^. 

109. Demoivke's Theorem. To shew that for any value of in, 

(cos 6^J-1 sinO)"* = cos?«0±^-i sinmd; 
the upper signs being taken together, or the lower together, 

(Cos e ± J^^ sin 6) . (cos 6 ± J^ sin 6) 

= cos* e - sin*^ ± J^ . 2 sin ^ . cos 6. 
Or, (cosO ± J1~i sin Oy = cos 2 db J ZTJ sin 2 6. 



6ii 

Again, (cos 6 ± J^ sin Oy . (cos 6 =fc ,^^1 sin 6) 

= (cos2 a ± ^^ . sin2 ^) . (cos 6 ± J^ . sin a) 

= (co82a.cos6-8in2^.sin^)±^^.(sin2a.cos^ + cos2^.sina); 

.-. (cos e ± ,y^ sin ey = cos 3 ^ ± V-^ sin3 ^. 

Suppose this law to hold for m factors, so that 

(cos6d=JZri slndy =^ cosmd d= JZTi sinm0; 

then (cos d ± J~Zi sin dy^' 

= (cos md^ J'^l sin tn d) . (cos ± J^ sin a) 

— cos 7n . cos - sin w ^ . sin ± ^ - 1 . (sin m . cos + cos wi0 . sin ^) 

= cos (m + 1) 6 =fc .y^l . sin (m + 1) 0. 

If therefore the law hold for m factors, it holds for wi + 1 factors ; 
but it has been shewn to hold when m = 3, it therefore holds when 
7n = 4f, and so by successive inductions it may be proved to be true 
when the index is any positive integer. 

Again, (cos ± J~^i sin 0)-" = \ 7-—/^^ . n [ 

° ^ ^ ^ I cos ± >^ - 1 sin ^ j 

cos* + sin* 



( cos' 6 + sin' ^ 
~ I cos ^ ± J^ sin6 J 



= (cos =F /v/^ sin 0y*, by actual division ; 
= cos7n0=pj^sinm0 = cos (- m 0) ± ^Tl sin (- rw 0) ; 
which proves the theorem for negative indices. 

Again, (cos ^ ± ^ - 1 sin 0)*" = cos m =fc ^ - 1 sin w 0. 



wi « I — . m 



But (cos — a± J-l sin — ^)" = cosm0± J-Hi sinwi^; 
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m ^ I — r . ^ 



which proves the theorem for fractional indices. 

Con. By the theorem just proved, (co8*/> :? V^ siin/»)"'= C08m<^ ±n/^ 8infii«/>, 
)N being positive or negative, whole or fractional. 
Let «/) = 2pir + t>, where p is any integer; 

.-. CoB0 = cos (27>'jr + e) = cose, ) ^^. 
Sin (f> = sin (2pir + 6)- sin 0. J 

1. Let the index of (cose±V^l sine) be integral, asm; 

Then Cosm^ = cos(2»»;)7r + me) = cosme, 
Sinm0 = sin (277ip7r + *fi0) = sinwie. 

2. Let the index be fractional, as - ; Then p, being an integer, may be 

represented by qn + r, where 7 may be or any integer, and r may be or any 
integer less than n; 

.-. Co«- rf» = cos - (2p'>r + 0) = cos - I 2(7n + r) IT + e } 

= cos { my . 2'7r + - (2r'jr + 6) } = coa ~ (2rir + 6). 

Similarly, Sin - = sin — ( 2 r ir + e ). 

From these two cases therefore it appears that tlie theorem might 
have been thus enunciated ; 

Jf the index be an integer, 

(cos d ± J— i sin dy= cos md^ J — 1 sin ind ; 
If the index he fractional, 

m 

(cos0±,y-l sin^)* = cos - (Qrv + 6) ^ ,/-l sin — (2rir+ d) ; 

where r may he 0, or any integer less than n. 

Note. It is to be observed that by giving r all values from to n — 1, 
there will be obtained from the second member of the second equation the n 
different values of 

(cos0±V^sine)-. 
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110. If 2 cos 6 be represented 6y x + - , then 2 J~^ . sin 6 
Tcill be represented by a — , 2 cos vaQ fty x°* + — , and 

^ A. 

2^-1 sin m ^ hy x" ^ . 

For - sin»a=co8*a-l=i^ar+lY-l=i^a:«-2 + ^); 

•'• 2*/- 1 . sin^ = j: — : 

^ a: 

And since 2 cos ^ = a: + - , .'.by addition and subtraction^ 
X = COS Q ■\- J —l sin ^ ; and - = cos — J —l^m6; 



x"* = (cos 6 + y^ sin 0)'" = cos w^ + J^^ sin wi0 
— = (cos 6 - J- 1 sin OY = cosmO- J- 1 sin md, 

X 

••• J?"* + -- = 2COS7W0: and a?* = 2 V- 1 sinm^. 



Cor. By taking the equations of the corollary to (109), the following results 
are obtained; 

(1) The index being an integer, 

2co8»M0 = *- + — ; 2V^l8inine = jf - — ; 

(2) The index being a fraction, 

2cos-(2r'n- + 0) = A'- + -4r; 2 V~ 1 sin - (2r7r + 0) = J?*--; 

where r may be or any integer less than n. 

5—2 
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111. To express any positive integral power of tlie Cosine 
of an angle in terms of' tJic Cosines of trie multiples of the 
angle. 

Let 2cosO = .r + -; .\ 2co8nO = a* + -- (HO)- 

Jl>' 3t 

Now 
(2cose)- = (.i'+-) =a?- + n.j--« + n. --—a?-^ + ...+«.- - •■:l:i+*»•1ZI+3(U• 
= (-- + i:) + »-(^ + iLi) + (2)- 

■ 

1. If /* be even; the last term of (2), or the (^n + 1)*^ term of (1), is 

M-1 n-2 fi-^n+1 

2. If n be odd; the sum of the two middle terms of (1), viz. 

the {^(»-l) + l|th and the {^(»-l) + 2}^ 
(which have the same coefficient), is 

"• 2 — ,j(„-i) -r+J- 

Hence (2) becomes 

(2cos0}" = 2cosw0 +M.2cos(»- 2)6 + ... 

n-\ 7i-A» + l 

n , — -— ... ^ ; when n is even. 

2 ^« 

+ ^ 

n-l n-A(»-l)+l 

«. ... 1 .2cosd; when n is odd. 

2 i('*-l) 

w-l 

.*. 2'*-^.. yos" = cosviO + n. cos(7i - 2) + n. — - — .cos(« - 4) -f ... 

J i- 

the last term' of the series being 

, n-\ >»~^n + l 

+ A'«' — TT- ••• i ; ^* bemg even. 

2 ^n 

+ /*. — , ... , . cos ; n bemff odd. 

Con. Thus, when w = 2, 2 cos^O = cos 20 + 1, 

» = 3, 4 cos^ = cos 30 + 3 cos 0, 

» = 4, 8cos*0 = cos40 + 4cos20 + 3. 
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112. To express any positive integral power of (lie Sine 
of an angle in terms of the Sines and Cosines of* the multiples 
of the amgle, 

1^^ 1 . 1 

Let 2V-1 8iii0 = *--; .*. 2v-l sinnO = «• . 

And (2VrTsme)-=:(*-iy=j* + (--i)P 

n-1 _ n-1 (-!)-« (-1)^' (-!)■ ... 



1. Let n be even ; 

then (\/rT)- = (vCi)''i={(VrT)«}5=(-i)i; 



(n \th 
~ + I ) , term of the expansion (1) is, 



* 



, ... n-1 n-4» + l 

(-')••»• -2- ^n • 

Wherefore when n is even the series (2) becomes 
(~ 1)5 2-. sin-0 = (*• + i) - n . (ar-« + ^) + n .^ . (jT-* + — ^^ 

, ,• n-1 >*--i^+^ 
+ (-l)2.n.— 2-... 1^ 

n-1 

= 2co8n0-n.2cos(n-2)0 + n.— g— .2cos(n - 4)0 - ... 

, ,• n-1 n-in+1 
+ (-^>»--2--^li— 5 

■ n — 1 

•. (- 1)5 2"-^ sin" = cos n0 - n . cos (n - 2) + n . — 5— . cos (n - 4)0 - ... 

, ,•! n-1 n-in+1 

+ (-i>i'*.-2~ - — p — • 
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2. If n be odd, then (V=T)- = V^ . (V^)*"* = (- l)"r. >/n ; 
and the last binomial in (2) is 

/ iNif-n »-* n- 4(n-l) + l / IV 
(-l)H-).,,._- ... _^___.^^.-j. 

Wherefore, when n is an odd number, (2) becomes 
(.l)"-^2-.Vri.8in-e = (^.i)-n.(*--;^)+i..^--i.(*--^^ 



^ ^ 2 i(i»-l) 



= 2V^. 8inn0-n.2V^.8in(»-2)0 + ... 

, ^^1=1 w-1 w-l(n-l) + l 
+ (-l)^n.- -... |^^_^^ .2VT-i.sme; 

\ (-in^.2^Um»e = sinMe-w.sin(?t-2)e + ».^^.8m(n-4)0 + 

+ (-1) « M. — "— ... ^> .8m0.* 

2 ^(n-l) 



113. Having given Tan^, to Jind Tannd. 

Cosne + V-i sinw0=(cos0 + N/^8in0)»=(cos0)«.(l +V~1. tan0)r 

= (cos0)«. [l+».\/^.tan0-».^.tan»0-».!!^.^.V^.tan30+... |[(1). 

And equating the possible and impossible parts of this equation, 

n—\ . „„ n-l n-2 i»-3 



Cos 



n0 = co8*0 . J 1 -«,—-- . tan20 + n. -o~*~5~»~7~* t*'**^- ••• \ •••• (2). 



Sin 



n-l n-2 



inn0 = co8»0 . jntan0 — » • -« - • o • tan2^+-" [ (3). 



* Co8n0 can be expanded in terms of cos0 alone, when n is a positive 
integer, by an algebraical calculation, but the problem is solved more easily 
by means of the Differential Calculus. [See Gregory's Examples]. 
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. n— 1 n— 2 . ,. . 

T«i-„e = ?!5J!| 1 1 

'='""'' •l-n.!^i.tan»e+... 



Cor. If n be a positive integer, the series (1) will terminate, and the last 
term is (V^ tan0)*. 

1. Let n be even; then 

(V^ tan ©)•= (\/~lf'^ tan-e = ( - 1)5 . tan* 6 ; 

n 

therefore the last term is ( - 1) « tan* , and 



»tan0 -n . ^— — . ^^ tan3 0+... + ( -l)l~Sitan— ^0 

Tan»0= n^l 

l-n .^^tan«0 + .... + (-l)Jtan"0 



2. Let n be odd; then 



M— 1 



(V-l tan0)*=\/-l.(\/^)— ^tan"0 = V-l. (-l)T-tan"0; 



1 



therefore the last term is (-1) a tan"0, and 

n — 1 n -2 «-i 

n. tan0-» . -r— . -— tan8 0+ ... + (-1) a tan"0 

Tan n = _. ,_^ .• 

l-n. — "— tan»0+ +(_1)~2" »tan*-^0 



114. To shew that Cos a = 1 — 

and Sin a = a — 
By Art. 113, (2), 
Cos n = cos* . { 1 - « . ~^ . tan2 + n . ^ . ^- . ^ . tan^ - ... | 



1.2^ 


a* 
1.2.3.4 


a» 


J. - 



• The sign of n tan*-^ is the same as that of tan* 0,^ because every oHd 
term in the expansion (1) has the same sign as the term immediately following 
it; and when n is odd, »t«n*-*0 is an odd> teim, and has jtherefore the same 
sign as ton* 0. 
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Ivet nd = Of and .•. n=-, 

6 



.*. Cos a = C08*e 



.{i_«.I_'un.a+^.i;I.5^.il!.un*e-...} 



~..a <. «-9 /tane\» a-e a- 26 a -36 /taaOY ) 

Now this is true whatever he the value that is given to 6; if then he 

tan A 

written for 6, (in which case— 5- = 1, and cosO = 1, Art 104.), 



a' o« 



••• *^''"='-o+iT2-;374- ('>• 



By a similar substitution in Art. 113, (3), 



a' o* 



Sin „ = „___^+ ______ (2). 

If a he less than -^ir (or a right angle), the series (1) and (2) here obtained are 
immediately convergent. 

Note. To arrive at these expressions —3— has been supposed 

to become 1 when is written for 6, which is the case only when 
the angle is referred to the circular measure. Hence a, which is 
equal to nd, is also referred to that measure in the series (1) 
and (2). 

Cor. If a be an angle so small that a* and higher powers of a may be 
neglected when compared with unity, equation (1) becomes 

Cos a = 1 . 

If a*, a^ be retamed, but higher powers of a be neglected, (1) and (2) 
give, 

Sin a = a^-» ; Cos a = 1 — -j ; 
approximations which are often practically very useful. 

115. If e^'^^ and e— ^>/^ be expanded in terms of Qj—l 
and — 6 J— 1 in the same manner as e^ is expanded in terms of x 
in the series, 

€• = 1+^?+ — + J-2-3 + ... (App. 1. 18. Cor.) 



7^ 

then^ 

(1) Cose = ^.(c«Vri^ 6-9 V=I). (2) Sine = ^^.(c«V=i.g-0Vri). 

(3) Tan = -L. — =1 

For, fgy^l^i^g^VTi-il , ^ .V^ + - + 

' ^ * 1.2 1.2.3^ ^1.2.3.4^ • 

^ 1 t'.V 1 1 2+1.2.3-^ ^^1.2.3.4+ • 

/. €^^+e-^^ = 2.(l-^^ + Y-2^'3-^--) = 2cos0; (114). 

and €9V:^_6-9'^~l=2.V:n .(0-r-^ + ...) = 2N/ri.8ine; 

.-. Cos0=^(€9V=I + €-9V=i) (1). 

And, Sin0 = 2;^^^(6SVrT_g-eV^) (2). 

^, _ . sine 1 e^V^-e-^^^"! 
Also. Tan = — - = . -7—== — ^ ._ ; 

* COB0 viT €^v^ + €-9v-r 

and multiplying the numerator and denominator by e^ ^^~^y 

1 6*^^^-l 

Tan0= 7«. . ^-7.=: — - (3). 



Series to determine the Value of tt. 
116. Gbegokie's Series. To prove that 

€^V=i+€-9\CT = 2co8 0; and e^VI^^c-^V^I = 2n/IT . 8in0; 
.•. 6^'^~^ = cos0 + V^.sin0 = cos0.(l+Vn tan0); 
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« V-l = 1, COS « + {V-, t«. e - (^^E^V ^iE^^_ ... J (App. ,. 14. in.) 

rr Iccos0 + v-ntan0 + — 5 V -1 — ... 

and by equating the impossible parts of this equation, 

= tan — i tan^ ^ + J **"* — ... ; which is a convergent series 
if tan be not greater than 1 ; that is, if be an angle not greater than half a 



right angle. 



Con. Tangent of half a right angle, (or tan ^ ir), = 1 ; 



^ I 1 1 1_1 2 2 2 

• 4~ a'^'S 7^« 11"*"-"1.3 + 5.7'*"9.U"*'"' 



_o/J_- J_ _L \ 

"- Vl.3^5.7'*'y.ll"*""7' 



a series not convergent enough to be of much use for calculating the numerical 
value of TT. 



117. Euler's S£Bies. To prove that 

TT ^ /I 1 1 _ \ (I L_ _!_ \ 

4 \2 3.2" 5.2' '"J'^\3 3 . 3" "^ 5 . 3' '")' 

1_1 
By (65), Tan-^ 1 - tan-» i = tan-» - — ^- = tan-» 1 ; 

.'. tan-* 1 = tan-i ^ + tan-* 1-, 

and Tan-*A = - +_ 1__... Tan-^l-=i !i.. ^.-l . /ilR^ 

' 4' \2 3.2^^5.2' "'J^\3 3.33^5.3^ ')* 

a series which converges much more rapidly than that deduced in the Corollary to 
the last Article. 
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118. Machin's Series. To prove that 



4'"^V5 3.5«"*"5.5*''"7"'\239 3 . (239? "*" 5 . (239)' **/ 



(239)' 5 . (239)' 
\ 1 

A «1«^ ,1^ ,66 _ ,6 

4 tan-* - = 2x2 tan-* r = 2 . tan-* = — i- = 2 tan-* r- 

5 5 ,11 12 

10 

= tan-*— 25:=**°'T19' 
144 

120 . 

A . , 120 ^ , , ^ , 119 " ,1 

and tan-* — -tan-*l=tan-*— _ = tan-*2^; 

.It ,1 

or 4tan-*--- = tan-* — ; 

T /I J_ _1_ _ \ J i_ 1 1 I 

'*• 4" \6"3.58"*"5.6« ') < 239"" 3.(239)^ + 5.(239)*"-) 



In this way it is found that t = 3.141592653589793. 



1 1 99 230 
Con. Since Tan-* — + tan-* — = tan-* j j- 

^"99'^ 



. 1 338 ^ , 1 

= tan—* a= tan—' — . 

23660 70' 



.-. ^ = 4tan-*l-tan-*l + tan-*l; 



a series by means of which Mr Rutherford {PhU. Trans, 1841) succeeded in 
determining the value of nr to 208 places of figures. 
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Miscellaneous Propositions, shewing the Application op the 
Theorems and Formula of this Chapter. 

119. Having given Tan a, Tan/3, Tan A, tojind Tan (a+/3+ 

. . . + A). 

(Cosa + V^ 8ma).(co8/3 + V^ 8m/3) 
= (cos a . C08/3 - 8in a . 8in/3) + yJ~\. . (co8 a . 8in /3 + cos /3 . 8in a) 

= cos (o + /3) + V^l . 8in(a + /3) (1). 

Suppose this law to hold for n factors, so that 

(coso H-V- 1 .sin a) .(cos/3 + V^.siii/3) ... (cosk + V^ .sinic) 
= cos (a + /3 + ... + k) + y/^\ . sin (a + /3 + ... + k) $ 

by introducing another factor, 

(cos o + V~l . sin a> ... (cos k + V^ . sin k) . (cos X + V^ . sin X) 
= { cos (a + /3 + ... + k) + xf-l . sin (a + /3 + ... + k) j . (cosX + V^ . sin X) 

= cos(a + /3 + ... +X) + \/^.sin(a + /3+ ... -i-X), by (1); 
and therefore the law holds for n + 1 factors. 

But by actual multiplication the law has been shewn to hold for two factors, 
it must therefore hold for three factors, and thus by successive inductions it is 
concluded that it holds generally. 

Let ^1 = the sum of the quantities Tana, Tan/3, ... ; iS'^ = the sum of the 
products of every two of them ; ^3 = the sum of the products of every three of 
them; and so on. 

Then, Cos(a + /3 + ... + X) + V^.sin(a + /3+ ... + X) 

= (cos a +'s/^ . sin a). (cos /3 + V^. sin/S) ... (cosX + V^. sinX) 

= cosa.(l + V- ] .tana), cos /3. (1 + V- l.tan/3) ... cosX.(l +V^.tanX) 

= cos a . cos /3 ... cos X . (1 + V- i . i^j - 5, - V^HT. 82 + 84-^- ...). 

Wood's Algebra^ Art. 271. 
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Hence, by equating the possible and impossible parts of this equation, 

Cos (a + /3 + ... +X) = cos a. cos /3 ... cos\.(I - Sa+ S^- Sq-\- ...) 
Sin (a + /3+ ... + X) = cos a. cos /3 ... cosX. {Si - Sa-^- Ss- ...); 

.-. Tan (« + ^ + ... + X) = ?i!IJ544±l--tA} = '^'-f -;•'!«-- . 
\ ^f^ ' C08(a + /3+ ... +X) I-A2 + A4-... 

If there be » of the angles a, /3, ... X, it may be shewn as in (113. Cor.) that 

" -I 

Tan (o + /3 + ... + X) = -^ ^^ '- , it, even. 

I- S^ + S^ -„. + {- 1)5 S. 

Si^Ss + S,-... + (-l)~S„ ^ , , 
= ^ — „zzT — 9 ** odd. 

1 - 5j+ iS'4 - ... + (- l)V,v^j 

] 20. If Sin p = sin P . sin (z + p), required to expand p 2« /cnw* 
o/'SinP and of the Sines of z and its multiples, 

Hymers* Astronomy, Art. 247. 

Since Sinp = ^^-^==(6'^^ _ 6"'^^). (115), the equation becomes by 
substituting such values of Sinp and Sin(;? +p)f 

^^.(c. vn _ ,-,vn) = ,i„p. _^ (,<-' v^> _ ,-<'-. v^) 

and, by multiplying both sides of the equation by 2\r^\,e'^-h 
^spyT^ _ 1 ^ gin p^ (e(*+8p)'^^ _ e" ^~») 

= sinP.e'^^. e*''^^^ -sin/'.e--^^; 

.-. £2/. V^ (1 _ sin /\ e' *^'-^) = 1 - sin P. e-' "^^ ; 

9-^n l-sinr.f-''^^ 
l-sini^e'^^-l 

.-. 2/)V^= g(l-8ini'.e-''^)-l«(l-sinP.e''^'^) 
= - sin P. e-'^-^ - ^ sin^P. 6-^'>^ - |j sinV^ e--^-'^ + ... 

+ sin P. e«^^ + i sinsp. e^^v^^ + J- sin'«P. c^*^^ + ... 

Appendix I. 14. iii. 
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2V-1 ' ^ 2\/ri 

= sin P . sin jar + ^ sin* P . sin 2 jer + J sin^ P . sin 3jar + ... 

Cor. The number of seconds contained in the angle p, which is expressed 
by the circular measure, is (107) 

p sinP . , sin^P . - '. sin^P . „ 

t^-jt; = -.— T77- . sm « + A . -; — pj . sffi 2ar + 1 . - .- ,„ . sm 3 J? + ... 
sm 1" sm 1 2 sm l 3 wnl 

ainP sin'P . „ sin^ P . « 

or = , -,„ . smr + — r,- . sm 2j!r + . -_„ . smSjr + ••- 
sm r sm2 8m3 

121. In the same manner if tan /' = « . tan /, and the tangents 
be expressed in terms of / J^-l and /' J— 1 by the formula of 
(115), it may be proved that, 

Z' = Z - w . sin 2/ + ^ w* . sin 4Z - ^ m' . sin 6Z + ... 

where w = :. . 

I + n 

Cor. The number of seconds in /', is (107) 

. sm 2/ + -i . -rrr\h . sm 4/ — ... 



sin 1" "■ sin 1" sin 1" ' 2 * sin 1' 



/ m . rt , w^ . sm 4 / 

or = -; — Tn— ~ — iT/»sm2/4- — • — h'/ 

sml' sml sm2' 



[The angle /, which is the observed latitude of a place, is read oft' in degrees, 
minutes, and seconds from the instrument by which the observation is made; 
therefore to find the degrees, minutes, and seconds in l\ the only computation ne- 
cessary is to determine the number of seconds in the latter part of the series, viz. 



fit . « , wi^ 



. .-.sin 2/+- — rrr* • sin4/— ...]. 
sm 1 sm 2 



122. To expand ^ ^w « scries of the Cosines of 6 and 

^ 1-ecosd ^ -^ 

its multiples; e being less than 1. 

By hypothesis, e is less than 1; and since (1 — J)*, or I —2b + b^, being 
a square, is necessarily positive, 1 + ^^ is greater than 2b, Let therefore 

2b 

c = 



1+^8' 



7» 



Whence, b^ =» ; , = , • , r ; 

' 1 + VI - e- 1 + Vi - c« 1 + Vi - €« 



... A= — ^..^ 

1 + Vi - e« 



Let 2 cos = or + - ; 

X 









(1 + *d? + ^»^.r2 + 63 .r' + ...)! 
(1 + ^*)-^ ,, b b^ b^ , 

+ (62+^4+^6+...) /^3+M 



}■ 



+ 



Now 1 + 62+^4^....^ _i_. ^^.63+^5^... ,, .J- ^^. 

And SO 6-+6'':2+6«M+ = '* ; &c. 

1 — w^ 
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1 + 6" 

= j-;^.{l + 26. cos0 + 2i«.cos20 + ...J 

= -T- - --=r. {l + 2b , cos + 2i» . cos 20 + ....}. 
Vl — ^* 

Since e is less than 1, b, or —-. , is small, and therefore this series con- 

1 + Vl - 6-=* 

verges rapidly. 

1 —e^ 

Cor. The equation to an ellipse is r = a . . n , the focus beinir the 

^ 1 — ^ cos ' * 

pole and being measured from that vertex which is th^. further from the focus ; 



.-. r = rt .Vl-e^^ 11 ^.2i.co8 + 26*. cos 20 + ...} ; where ft = 



e 



l+Vl-««" 



]23. The approximations of 114. Cor. to the values of the 
sine and the cosine of a very small angle, may oflen be applied 
to determine the magnitude of Astronomical Corrections, when they 
are very small quantities. 

Ex. 1 . // Sin (o) - y) = sin ta . cos u, where y is very small, required 
an approximate value of y* 

Here, Sin w . cos ^ - cos o) . sin ^ = sin eo . cos u ; 
.% (1 - ^ y^) . sin o) - y . cos w = sin co . cos u ; 

.*. y . cos w + ^ y®. sin eo = sin eo - sin co . cos u 

= sin o) . (1 - cos «<) = 2 sin o) . sin^ § m ; 
.% y . { 1 + z^ y . tan M I = 2 tan CD . sin* ^ u ; 

2 tan to . sin* X u . 

.*. y = -, ^— = 2 tan w . sin* 1 w . { 1 + Ay tan w | -"* 

1 + ^ y . tan w ^ 

= 2 tan w . sin* y « • { 1 - -1- y . tan w + ... \ . 

Now neglecting the second and all the succeeding terms of the expansion, as 
being small when compared with I, a first approximation (yj to the value of 
y is obtained, 

^1 = 2 tan ft) . sin* ^ u ; 

And by putting for y in the second member of the equation this its first approximate 
value, a second approximation (yg) is thus got ; 
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y, « 2 tan tt) . sin^ ^ ^ • { 1 - tan m . sin' ^ ^ . tan a>} 
K 2 tan a> , sin' ^ v* { 1 - tan'eo . sin' ^ u} . 

The number of seconds contained in ^g, is (107.) 

ya «/**"« > o 1 ^^^ » . 4 1 \ 
T-TZ = 2 . ( -7— r;; . sin« Am- -7-7;, sin* ^ tt ) ; 
sm 1 Vsin 1 ' 8in 1 / 

and the two tenns of .the expression having been separately determined by means of 
logarithms, the number of seconds in y^ is known. 

Hymers* Astronomy^ Art. 176. 

Ex. 2. In the same manner it may be shewn from 
Cos {z-\- y) ^ sin n . sin z . cos m + cos z . cos n, 
when y and n are very small, that 

The number of seconds in ^ is 

y n.cosm »■ 



+ . -,; . cot « . sm* in. 



Hin 1" sin 1" sin 2 

nearly. The terms of this expression are, as in Ex. 1, determined separately by 
means of logarithms. 

Hymers* Astronomy^ Art. 161. 

124. The expressions of Arts. 115, 110, have been employed 
in Arts. 120, 122, to expand certain Quantities in the form of a 
series. The operation can be reversed, as in the following in- 
stances. 

To Jind the sum of the series y 

(1) Sina + 8in2a + sin3a + ... +sinna. 

(2) Cosa + cos2a + cos3a + ••• + cos na. 

(1) Let 2V^sino = ^-i; 

.-. 2\/=lsin2a = *2_ \ (UO). 

2VrT8in3a = ^- \ 

3B 



2 V- I sin no = a?" - — : 



6 
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.*. representing the sum of the eeries (1) by Sy 



:s tP , =- — — , , = • 

r^* + ^i)"" (^ + ^) 2cog^(2n + l)fl-2cog^a 
e ^ ( i sin ^na 



(2) Similarly, 2 (cos a + cos 2a + cos 3a + ••• + cos na) 

^ * * ^ ^ '^ sini(2n+l)a-sii 



sin ^(2n+ 1) a - sin ^a 



**-:? 



1 *iii ^< 



COB 4 (n + I) a . sin 1 na 

.-. the series (2) = -^-^ ^A 1 

sin^a 



125. The formulae of Chapters II. and III. may sometimes 
be employed for the like purpose. 



To sum the Series, 

(1) Sina + sin (a + 6) + sin (a + 26) + . . . + sin {a + (« - 1) b}, 

(2) Cosa M- cos fa + 6) +cos(a + 26)4- ... +cos{fl + («- 1) 6}. 
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(1) Co8(fl-^6)- COS (a + ^6) = 2sin^6 . sin a,... (51, 4). 
so cos (a+^b) — cos (a + -^b) = 2 sin^b , sin (a + b) 
cos (a + 1.6) - cos (fl + ^b) = 2 sin ^ 6 . sin (a + 2 6) 



cos{a + ^(2»-3)6}-cos{fl+i(2«-l)6} = 2sini6.8in{a + (»-l)6}; 

.*. by addition^ 
2 sin ^6 . [[sin o + sin (a + ft) + sin (a + 2ft) + . . . 

+ sin {a + (» - 1) ft}] = cos (a - ^ ft) - cos {a + i (2 « - 1) ft} ; 

.•. the series (1) = . ^. u - . sin {a + ^ (« — 1) ft} . 

(2) In like manner, beginning with Sin (a + ^ ft) - sin (a - ^ ft) 
= 2 sin ^ ft . cos a and proceeding as in the last case, 

Cos a + cos (a 4- ft) + cos (a + 2ft) + . . . + cos {a + (« - 1) ft} 

sin ^nft , , , ,. ,> 

= - . ^, , . cos {fl + 4 (» - 1) ft}, 
sin ^ 6 * * ^ ' 

Cor. Writing a for ft in these results, the results of (124) are 
immediately obtained. 



tU.2 



CHAPTER VI. 

ON THE SOLUTION OF EQUATIONS AND THE RESOLUTION OP 
CERTAIN EXPRESSIONS INTO FACTORS. 



126. To solve a Quadratic Equation, 
I. Let a:^ + px - g ^0 be the equation. ^ 

The„, = -{f.v/(?.,)} = -V?.{i^.N/(^^l)}. 

Let ^ = tan«0 (1). 

/- 1 7 sec /— cos T 1 



tan ^ sin 

cos ' 



Now . a - = :r-. — m — i— = - tan A 0, 
8in0 2sin^0.co6i0 ^ 



CO80 + 1 2.CO8«^0 1__ 

8in0 ■"2 8in^0.co8^0~tan^0* 

If therefore Xi and x^ b® ^^e two roots of the equation, 

jTi = n/^, tan i 0, (2); j-^^Jl—^, . 

* tan ^0 



(3). 



From (1), /. tan = lio 2 + ^ . lio y - K P + 10, which determines 
(2), 1,0*1 = i- ^107 + ^ tan ^ - 10, 
(3), ^10 (- *2) = ^ . ^10 9 - ^ tan ^ + 10. 

II. If the equation be x'-px-q^Of the roots are the same as those of the 
preceding equation with their signs changed; for the product of the roots with 
their signs changed (-q) remains the same, and the sum of the roots with their 
signs changed (the coefficient of the second term) changes its sign, but continues 
of the same magnitude. {Wood's Algebra, 8th Ed., Art. 281.) 
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III. Let the equation be ar'-;>d? + 7 = 0; then 



X 



If -f be less than I, assume -?=:sin*0 (11 

pi ' p* * ' 

Then, Xy and x^ being the roots of the equation, 

jTi = ^ p . (1 + cos 0) = p . co8« i e (2). 

•J^a = ^ P • (1 - CO* ^) = P • sin' i ^ (3)- 

FVom (1), X,8in0 = lio2 + ^.lioy-lioP + lO> 
(2), lio *i = lio ;> + 2 X. cos ^ - 20, 

(3), lio^a = lioP + 21, sin ^0 - 20. 

iv. If the equation be a^+j9dr + 9 = 0, the roots are the same as those of the 
last equation with their signs clianged. (Wood's Algebra^ Art 281.) 

In the last two cases, if -^ be > 1, let ^ = sec*0 ; 

then jr = Jp.{l±V-(sec«0-l)} = Jp.{l±tan0VrT|, 
and both roots of the equation are impossible. 

These solutions may be employed in preference to the common method of 
solution when p and q are very large numbers. 

Ex. Required the roots of x* + 365*42 x - 3469*1 = 0. 
By case (i.) X. tan = l,o 2 + ^.lio 3469-1 - lio 366-42+ 10. 

By the Tables, 

lio 2 = -3010300 
^ . lio 3469-1 » i X 3*5402168 ^ 1-7701084 

10 

120711384 
Subtract Ijo 365*42 = 2-5627923 

9-6083461 = L tan 17®, 62', nearly; 
.'. ^10 *i = i • *io 3469*1 + X, tan 8", 56' - 10. 

^. lio 3469*1 = 17701084 
Ltan8», 56'= 9*1964302 

10*9665386 
Subtract 10 

*9666386 = l,o 9*2584, nearly. 
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Again, Ijo (- *«) = 5 Jio 346»-l - /. tan 8", W »• 10. 
10 + 4 . lio346»l = 11-7701084 

L tan 30, 56' = 9-1964302 



2-5736782 = ^lo 37469, nearly. 

Hence the approximate values of the roots of the proposed equation are 

9-2584, and -374*69. 

After <Vi was found, Xa might have been more easily determined from the equation 
-(Xi + Xi) = 365*42. Wood's Algebra, Art. 271- 

127. To solve a Cubic Equation. 

Let the equation when transformed, if necessary, to another which wants the 
second term ( Wood's Algebra, Art. 284), bed?*-y*-r = 0; if*=— , this 
equation becomes y® - qn^y - rn^ = 0. 

Now Co88</» . I co8^ - ^ cos3</» = 0. (55. Cor.) 

And this equation is identical with the equation y^ - qn^y -rn^^ 0, if 

(1) Cos<t> = y. 

(2) | = g»«; and .-.»*= iv/?. 

(3) -Jco83</» = rn3; and .-. Cos 3<^ = 4r»» = ^vE. 

Let a be the least value of 3 </» which satisfies the equation (3) ; then one 
value of y is cos </», or cos ^ a. 

Also since, (103), Cos a = cos (2mir :<: a), the two other values of y are con- 
tained among the values of Cos 1 (2mir ± a). 

Now m, being an integer, must be of one of the forms 3 77, 3^ :i: 1, 

and Cos ^g — — ^ = cos {2pir ± J o) = cos J o. (103). 

2(3p±l)9r±« / ^27r±a\ 27r=fco 

Cos 3 = cos ( 2p7r ± — 5 — j = cos — = — . 
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Wherefore the three values of y are 

Cos^o; Cos J(27r + a); Cos ^(2* - o); 

and the three values of or, or — , are 

n 

2\/|.C08ja; 2\/| .cos J(2ir + a); 2 v| .cos ^(27r - a). 



128. The solution of a cubic equation given in the last Article 
applies to those cases only where all the roots are possible : i. e. to the 
irreducible case of Cardan's rule. ]^JVood's Algebra, Art. 331.] 

Since Cos a is necessarily less than 1, 

" 2 q^ ' 227' 427' 
which is the irreducible case of Cardan's rule. 



129. To resolve the equation x*" — 1 = into its quadratic 
factors, n being a positive integer. 

Here df*»=l. 
Now (cos0 + >rn .sine)«* = cos2»0 + V"n[.sin2»e, 

971 IT 

and if e =s , m and n being integers, 

(cos i-V— l.sin ) = cos 2mir + V - 1 .sin 2mir 
n n I 

— 1, since sin 2mir = ; 

.-. ^ = cos + V - 1 . sin . 

n n 

Now m, being an integer, must be of the form p . 2n + r, where p is 0, or 
any integer, and r is 0, or any integer less than 2n. 



.,« « (p.2»+r)ir I — = . (p.2n + r) 
Wherefore, a? = cos ^^ ^^—^— + v^ . sm ^^ ^^-^ 



n n 



= C08 I2p;ir + — j + V^.sin (2pir + — | 



cos- — +\/-l .sin — (103). 

n n 



And for r writing 0, 1, 2, ... 2 n - 1, waoumMtf 
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<r = co8 — +v-l.«m — 
n n 


(1) lfr = 0, 


*=i, 


(2) r=l. 


IT / 1 ■ TT 

jr = co» - + v-1 . sin - , 
n n 



* — V ^ 2 IT /— T 2 IT 

(3) r = 2, j? = coR — + v^.8in — 



(n + 1) r = », a?=-l, 



2n — 2 / . 2n — 2 

(2n-l) r = 2n-2, <r=:cos T + v-l.sm "jt 

^ ^ n n 

= co8— -vCl.sin — , (103). 
n n 

(2n) r = 2n-l, ^ s cos ■jr + v-l.sin ir 

n n 

= cos — - V - 1 . sin — . 
n n 

Now the equations ( 1 ) and (n + 1) give the quadratic factor (ir'l).(dr+ l)=ir^-l ; 
the equations (2) and (2n) give 

(J* -cos V-1 .sin-) . (x - COS- + V^ . sin — j = ««- 2*C08 - + 1 ; 
n nj \ n nf n 

and so on; 

Wherefore, **•- 1 = (*«- 1) . | ar«- 2drcos^ + 1 I ... |^-2*cos*i~^ I. 

130. To resolve the equation x'° — 1 = into its quadratic 
factors, n being a positive integer, 

j?3»+l - 0; .-. ar«-=-l. 

Now (cos0 + -n/TT . 8ine)*»= cos2ne + V^ . sin2»e. And making 2»0 = 
(2 m + 1)7, and proceeding as in the last Article, 

2wi+l /— 7 . 2wi + l 

* = cos ~ti- IT + V- 1 . Sm o^ IT. 



r-^ 



a9 



Also, assuming wi = p . 2 -V ♦•, >ifh^'p is 0, or any integer, and r is 0, or 
any integer less than 2n, as before, 

2r + l /—r . 2r+l 

*="*^ "2^"'' + ^'^ • *"" "2^ ""^ 

by means of which it may be proved that 

jr*»+l = i j?«-2i?cos^ + l V. < ar*-2arcos— ^+1 > ... 



■{ 



o « 2n-l ,) 

«* — 2 . 0? cos — TT + 1 > . 

2n j 



131. To resolve the equation x*"+* -1=0 into its quadratic 
factors, n being a positive integer. 

As in the last two Articles, 

(cose + V^ . sin e)*H-i = cos (2» + 1)6 + V^ . sin (2» +1)6 

= 1, if(2n + l)e = 2»iiir, or0 = ^^^, 

2m / — - 2m 

.*. * = co8t r ir +V-1 .smt; rv; 

2n+ 1 2n+ 1 

and making m=p , (2n + 1) + r, this becomes 

or s= cos r r + V - 1 . sm r . 

2n+l 2n+l 

Whence, 

2^ 2ntr 

***+* — l = (j?-l). ( jr'-2f .cos 2 — ^71 + ^ ^ {d?*-2j?. cos ^ — TT "•" ^ ^ * 

132. To resolve the equation x**** + 1 = into its factors, n being 
a positive integer. 

Here jr*H^> = -.l, 

(coee + VITT . sm0)»»+» = cos (2n + 1) 6 + vTl . sin (2» + 1) 0, 

2m + 1 
and let (2n + 1)0 = (2m+ !)», or = ^ j. i "^ * 



* Here if r = 0, x = 1, and one factor is j? - 1 ; the values of or corre- 
spcmding to r =s 1 and r = 2 n form one quadratic factor ; those corresponding to 
r s 2 and r s 2n - 1 form another ; and so on. 
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(owe + y/^:9iAtf^ = i I = *»•+» ; 



2m + 1 ^/— ; . 2fii + l 



and making m = p . (2i» + 1) + r, this becomet 

2r + l ^/-, . 2r + 1 



Whence, as before, 



jr*^'+ l={ar+l}. {x»- 2a:oos — ^ + 1} 



{or"- 2 jr cos- ir + 1}.* 



133. To resolve SinO aii(f CosO into factors. 

The valuefl of 6 which satisfy the equation Sin 6 = are 0, ±7, ± 2ir, 
:t 37r, ± nir, ... ; n being any integer whatever. 

Hence the series which expresses the value of Sin 6 is divisible by 6, 6 - ir, 
e + -Jr, e - 2ir, + 2ir, ; Wood*8 Algebra^ Art. 269. 

Let .-. Sine = a.0.(0-7r).(e + ir).(0-2ir).(0 + 2ir)..., where a is some 
constant quantity whose value is to be determined. 

.-. Sin = ± a . 0. (ir - 0) . (ir + 0) . (2ir - 0) . (2ir + 0) 

= .a.e.,(l-i).,(l.l).3,(l-^).2.(l.±) 



= ±a.^.2.^.3',r« x 6. (l -J) . (l -^) 

- T^— ••^'••^- x(i-;).(,-^) 



* Here the values of x corresponding to the values and 27» of r form 
one quadratic factor; those corresponding to the values 1 and 2n - 1 form an- 
other; and so on. The value of <r when r is n is - 1, and .ir + 1 is therefore 
a factor. 
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now if become 0, — r— becomes 1. (104), and this equation becomes 

o 

l=±a.ir«.2«ir«.3«'jr«. ... 
•••Sin9 = e.(l-5).(l-Jij).(l-^) (1). 

Again ; the values of 6 which satisfy the equation Cos 6 ssO aredb—, "^-s- y 
±-5- , ... ± — 5 — IT, ; » being any integer whatever. 

Hence, as in the former case, 

Now if ~ 0, this equation becomes 1 = db 6 . _..-—. 

•••<—{-?•)•{-?£)• (-S5) <"• 

Cob. If = ^ it, the expression for Sin becomes, 

-l(-|)-(-5)-('-ii)('-p) 

-1 ^'^ 4«-i 6«-i y-1 

- 2 ■ 2* * 4* * tf* ' 8* 

3 (2-1). (2 + 1) (4-1). (4 + 1) (6-1). (6 + 1) 
~ 2' 2" ' 4* * 6* 

^ y 4« 6« y 

This is Wallis*s Theorem for the determination of ir; in which the suc- 
cessive factoES become more and more nearly equal to 1. 



APPENDIX I. 

ON THE LOGARITHMS OF NUMBERS, AND THE CONSTRUCTION OF 
THE LOGARITHMIC TABLES OF NUMBERS. 



1. Dbf. If » = a', x is called the Logarithm of the Number n 
to the Base a ; or the Logarithm of a Number to a given Base is that 
power to which the base must be raised to give the number. 

If a logarithmic formula be generally true whatever may be 
the value of the base^ the logarithms of the quantities involved 
will be written thus, log m, log n ; but if the logarithms are cal- 
culated to some particular base^ (as 10 for instance)^ they will 

be written thus^ logio^^ logio^; or thus^ lio^^ lio'^* 

If n = a', and while a remains the same^ successive values 
be given to n, and the corresponding values of x be registered, 
the tables so formed are called '* Tables of a System of Logarithms 
to the Base a." 

It will hereafter (10), be shewn that a system of logarithms 
calculated to the base 10 is attended with peculiar advantages; 
and for this reason the tables of logarithms in common use have 
that base. 

2. Since if « = a', x = l.» ; 
therefore, in all cases, n = (f = ar*^. 

Cor. 1. If a? = 1, « becomes =>= a, and ,\ l,a = 1. 

If a? = 0, a' (or n) becomes 1 ; and .-. 1, 1 = 0. 

Cor. 2. If a be the base of any system, 

since m = o^*", and n = a^", 

J_ J_ 

l„m J \n 

,\ m = a, and n = a, 

!.»» l.» J l.» Lot 

.'. m = n^ ; and m^ = n^ ; 

a true result, whatever be the value of a. 

Wherefore, m^* = n^\ 
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3. Required from tables of logarithms calculated to a given 
base, as e, to form tables of logarithms to any other base, a* 10. 

By (2) , n = €*•" ; n = lO^io* ; 10 = €^«**; 

and equating the indices of «, 

\^ 
1,10 



lfn==lilO . lion; and lio»» = 1—?;; •!«*»• 



Hence the logarithms of any number n in two systems calcu^ 
lated to any bases, as 10 and e, are connected by a constant multiplier, 

(viz. = ^\ which is called "the modulus;" and therefore from 

V lelOJ 

tables of logarithms calculated to a base e, tables may be formed 

to the base 10. 

CoR. By writing a for 10 in this proof, l.n = | — ^Kn; or, 

ua 

the modulus connecting the logarithms of a number in the two 

systems whose bases are a and €^ is ^ — . 

lea 

4. The logarithm of the product of any number of factors is 
equal to the sum of the logarithms of the several factors. 

For m ,n ,r ... =s aU« , aJ^ . aV ... = a(^+^*+V+-") 
But m . » . r ... = ai.f"M«r....) . 

.'. l«(m. » .r...) = l,m + l«n + l«r+ ... 
or, log (m . n . r ...) = log m + log » + log r + ... 

Hence, if the number be found in the tables whose logarithm 
is the sum of the logarithms of the several factors, the product 
of those factors is obtained. 

5. The logarithm of a quotient is equal to the logarithm of the 
dividend minus the logarithm of the divisor. 

For flAiU/ =r — = -r— = a^**-^*; 
n a*«" 

••• l-l^j = J^-m - l«n; or, log l-j = log m - log n. 

Hence, if the number be found in the tables whose logarithm 
is the logarithm of the dividend minus the logarithm of the 
divisOT, the quotient is obtained. 
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6. The logarithm of the c^ power of any number is equal 
to c times the logarithm of the number; — c being either whole or 
fractional. 

For aU("^) = »»• = (flJ-*)* = d" • ^"^ ; 
.'. \(m') - . l.m ; or, log (•»«) = c . log m. 

Also, a^^"^^' = mL {a^f = a? ' ^"^ ; 

- 1 - 1 

.*. l,(f»') =r — . 1,|» ; or, log (•»•) =1 — , log 



m. 



Hence^ the &^ power of any given number is that number 
in the tables whose logarithm is c times the logarithm of the 
given number; and the c^ root of it is that number in the 

tables whose logarithm is -^^ of the logarithm of the given 

number. 



7* From the last three articles it appears that the operations 
of multiplication^ division^ involution^ and evolution can be per- 
formed with greater ease by means of tables of logarithms than 
by the common arithmetical methods^ particularly where the num- 
bers are large. The easier arithmetical operations of addition 
and subtraction cannot be performed by logarithms. 



8. In the common, or Briggs* system of logarithms, where the 

N 
base is 10, the logarithms of 10° x N and — may be determined 

from the logarithm of N. 

For 1,0 (10" X N)= liolO" + \,oN, by (4) 

= n, IjolO + lioiV, ... (6) 

= n + l,oA^. e. (2. Cor. 1). 

And 1,,^^^ = l,,Ar-],,10», (5). 

= 1,0 -^^- W. 



d5 

Thus from the pages of logarithms printed at the end of this 
Appendix^ 

lio6 = 0-7781513 ; 

.•• 1,060 = liolO + 1,06 = 1 + 0-7781513 = 1-7781513, 

I106OO = lio(lO') + 1,06 = 2 + 0-7781513 = 2-7781513, 

lio-6 = I106 - liolO = 0-7781513 - 1, 

lio'OOe = I106 - lio(lO=*) = 0-7781513 - 3. 

The last two logarithms are thus written, 1-7781513, 3^7781513. 

Def. The integral part of the logarithm is called the " Cko' 
racteristic" of the logarithm of the number ; the decimal part is 
called the ^* Mantissa"* of the significant digits of which the number 
is composed. 

Thus, in I106OO = 2'7781513, 2 is the Characteristic of the 
Logarithm of the Number 6OO, '7781513 is the Mantissa of the 
significant eUgit 6. 

9. In the common system, to determine the Characteristic of 
the Logarithm of any given Number. 

If a Number be between 

1 and 10, its log. is between and 1 ; .*. the characteristic is 0. 

10 and 100, 1 and 2; .• 1. 

100 and 1000, .' 2 and 3; / 2. 

10*-* and 10» n— 1 and n; .• »-l. 

Hence the Characteristic of the Logarithm of a Number between 10*-* and 10", 
(which will have n integral places) is n - 1, or is less by one than the number 
of integral places of figures which the number contains. 

Again, if the number be between 
1 and 7j=, its log. is between and - 1 ; .*. the characteristic is 1, 

i -^ l5o' - 1 and -2; .- 2. 

j^ and 1^, -(71-1) and -»; .- n. 

• "Mantissa;" a handful thrown in over and above the exact weight; 
an overplus. 



I 

i 
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Hence, the Chanusteristic of the logarithm of a decimal fractioii having 
n - 1 cjrphen after the decimal point, is nl 

Oenerally therefore, the Characteristic of the Logarithm qf any Number w the 
number of its digits mintu one ; where if the number be a decimal fraction, 
the cyphers which follow the decimal point are alone counted, and are xedumed 
negatively. 

Wlierefore, conversely, if Logarithms be given having Characteristics 1, 2, 
3...T, "2, T.. there are in the integral parts of the numbers to which these loga- 
rithms belong 2, 3, 4 0, -1, -2... digits respectively. 

Thus the Logarithms of 245 and 25400 have for Characteristics 2 and 4, 
and the Characteristics of the Logarithms of 2*54, 25*4, -000254 are 0, 1, T. 

The Mantissa given in the tables for lio3652 is *5625306. 

.*. lio3652 ^ 3*5625308, lio36-52 = 1*5625308, 

lio365200 = 5*5625308, lio-3652 = b5625306, 

lio '003652 =¥'5625308. 

10. The advantages of Briggs' system of logarithms. 

From the last Article it appears, that if the Base of the system be 10, it 
is requisite to register the Mantisscs only in the tables ; because the Character- 
istics can be determined by counting the digits in the integral part of the 
numbers whose logarithms are required. This omission of the characteristics 
renders the common tables less bulky than those calculated to any other base. 

Also, from (8) it appears, that in this system the Mantissa of JV is also 

N 
the Mantissa of 10* x iV, and of — , — where n is any integer: this circum- 
stance renders the common tables more comprehensive than if any other base 
were taken ; for if any other base were used, the Mantissa of N would not be 

N 
the Mantissa of 10". N. or of rr-. 

' 10" 

In the same way it might be shewn that if the system of arithmetic in 
common use were duodecimal instead of being decimal, tables calculated to the 
base 12 would possess the same advantages which have been here shewn to 
belong to the tables in common use. 

11. The tables of logarithms in common use register, some to five, and 
others to seven, places of decimals, the mantissas for numbers from 1 to 100000. 
Two pages of logarithms are printed at the end of this Appendix, in which the 
mantissae are calculated to seven places of decimals. The line at the top of the 
second of the pages begins with the number 3650 (or 36500), and its mantissa *5622929 
is placed opposite to it. And because the mantisssB of all numbers from 36500 
to 36559, (comprised in the first six lines of the page), have the same initial 
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three figures, viz. '562, these three figures are registered, once for all, opposite to 
the number 3650, and the last four figures of each succeeding mantissa are pUced 
under the number to which they belong. Thus the first line of the page is 



Num. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


3650 


5622929 


3048 


3167 


3286 


3405 


3524 


3642 


3761 


3880 


3999 



Whence is obtained, 



and so on. 



Mantissa of 36500 

36502 

36603 



•562 2929 
•562 3048 
•562 3167 
•562 3286, 



In the same manner, the next line gives the mantissae of numbers from 36510 
to 36519 inclusive. 



12. Since a change in the value of the third figure may not take place at 
the beginning of one of the horizontal lines, whenever a mantissa is to be taken 
from the tables, care must be taken to get the right initial figures. Thus, 
(see p. 110), the mantissa of 36643 is '5639910, and the last four figures of the 
mantissa of 86644 are put down as 0029. Now if the mantissae of these two 
numbers had the tame third figure, the mantissa of 36644 would be less than 
that of 36643, which cannot possibly be. A change in the value of the third 
figure does, in point of fact, take place here; and the mantissa of 36644, (as 
do those of the numbers immediately following 36644,) begins with •564, and 
not with -563. 

Similar changes of the third figure of the mantissa occur at the numbers 
36729, 36813, 36898, 36983, and are indicated by printing in a smaller type 
the fourth figure of the mantissae of those numbers. 

The construction and use of the small tables in the last column 
of the page will be explained hereafter. 



13. Examples. (1) To multiply 23 by l6. Art. 4. 

By the tables, p. 109., Mantissa of 23 is -3617278, 

Mantissa of 16 is •2041200; 
.•. lio23 = 1,3617278 
1,0 16 = 1-2041200 



25658478 
And, p. 110, the significant digits corresponding to the mantissa '5658478 are 3680 

.'. Iio3«8'0 or lio368 = 2-6668478; and .*. 368 is the product sought. 
7 



(S) To multiply 0172 by •00214. 

1,0 -0172 = 2^2365284 
110-00214 = 8-3804138, 

5-56d9422, 
= 1|« -000086806; p. 110; 
Wherefore *000036806 is the product sought 

(3) To divide 3672 by 51000. Art 5. 

lio3072 = 3*5649027 p. 110. 
I,o61000 = 47076702 p. 100. 

2*8578825 

= lio-072; 
Wherefore *072 is the quotient sought 

(4) Tojind the values of (15-4)', and (650)5 . Art. 6. 

]iol5'4 = M875207 p. 109. 

8 



8-5625621 = l^o 3652-3, nearly, p. 110. 
.*. 3652*8 is the approximate cube of 15*4. 

Again, lio650 = 2*8129134, p. 109. 

.*• \ ' lio050 ^ *5625826 = lio3-6524, nearly, p. 110. 
5 

.*. 3*6524 is the approximate fifth root of 650. 

(5) To Jind the values of (.085^, and of (.000065)5 . 

2*9294189 = lio*085 



5-7176756 

and this is the mantissa of 522006, nearly. Therefore »0000522006 is the number 
sought, nearly. 

Again, lio*000065 = 5*8129134 = 6 + 1*8129134; 
.*. 3;5*8129134 



2-6043044 = lio*040207, nearly. 
Note. In dividing it is to be remembered that 5*8... = 6 + 1*8... 
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14. To expand 1.(1 + x) in a series ascending by powers 
ofn. 

Now «•= 1, or 1.1=0; and 1. (l+ar) becomes 1.1 when x 

vanishes ; wherefore the series which expresses the value of 1. (1 + x) 
cannot involve any negative power of x, (or it would become 
infinite when x vanished,) nor can it have a constant term, (or 
it would not vanish along with x). 

Let then Ax-^Bj^ ■¥ Cx'+...= 1,(1 +x) (1). 

.'. also, by writing x-\- h instead of x, 

A{x+h + B{x+hy-^c{x^hy+ ... = J.(i+jrr/o. 

By subtraction, 

A.{{x + h)'-x)-^B.{iix + hy-x"] + C . {(« + A)'- a:*} + . . . 

or Ak + B. (gjrA + A*) + C . (Sx'h + 3xh^ + A») + . . . 
= 1. (1 + 0? + /i) - 1. (1 + x) 



= l^l:t'^^, by Art 5, Mi^JL\ 

= A.-^ + B.(-^)\c.(-^)\... by (1). 
1+x \l+x/ \1 + ar/ ^ ^ ^ 

By dividing both sides of this equation by /i, 

A h 

^ + 5. (2x + A) + C. (3jr'+ 3arA + A') + ... = ——^ + B.~~- -\-. 

And making A = 0, 

\ +x ^ ' 

Equating the coefficients of like powers of x, 

QB^-A, 3C = A, 4fD = -A, &c 

.-. B = --iA, C = ^A, D = -i^, &c. 



X^ X^ X* 



.-. l.(l4*) = ^(x-|. + J--^+...) (i). 

7-2 
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Cor. 1. Since A is a, constant quantity which is entirely de- 
pendent on the value of a, let e be the quantity whose value is such 

that €-^ = 11; 

••. -j = l6a; and 1(1 +ar) = — . (x - - +-- ...) (ii.) 

and if the base be e, 

le(l+x) = a?-^+|-- ; (iii.) 

The value of e, (which is a constant quantity, 2*7 1828 18...) 
will be found hereafter. 

Logarithms to the base € are called Napierian, from Napier, 
the inventor of logarithms, who adopted this base because loga- 
rithms to it are more easily calculated than those to any other 
base; as is evident from comparing the series (ii.) and (iii.) 

CoR. 2. lea = S {1 +(fl — 1)}, which by (iii.) is 

= (a-l)-i(«-l)'+H«-l)'- (iv.) 

Cor. 3. J = j_ = ^_^^-^^-^,_ -^_^^.__ . 

CoR. 4. The modulus -j of the common system of loga- 

lelO 
rithms may be calculated thus ; by taking for granted the formulae 
(ix.) and (vi.) which are proved hereafter. 

By(ix0,1.5 = 1.4+2.f5i3 + l.^-3i^ 

= 2.1.2 + 2.{5+-. - + -.-+...[; 
.-.1.10, -1.2 + 1.5, =3.1.2 + 2.|-+g.~ + -.-+...^ 

- cl 1 1_ 1 J_ ) 

!1 1 1 1 
1 i i 1 i 
"^ 9*^3' 9»"^ 6*9* ■^••*- 

= 2 . 30258509... 

Whence is obtained, , =0-434294819 

lelO 



101 

15. Some rapidly-conver^ng formulae for the calculation of 
logarithms will next be investigated. 

But lt-s=Ul— 1€* = — Uar; 



II. Again; 1«(1 +jjf)=rjjf_ -- + --_...; and l,(l-ar) = -«--^--r-...; 



.-. l«(l+«)-U(l-ar), or l«j-^j = 2. { « + y + — + ... } . 
And if = jf, and .•. z = r, this becomes, 

'•'- -{fji^JC-fi^K^)"-} <*' 

If df be a little greater than I, this series converges very rapidly. 

1 1^ 

III. Again, !« jr = Ic ( j?*)" = m . 1« jT 

I 1 

= m.{(jr-l)-i.(jr-l)« + ...}, by(iv.) 

1^ 
and, (x being greater than 1,) by assuming m of sufficient magnitude «* may 
be niade to differ from 1 by any definite quantity, however small the quantity 
may be; in which case the succeeding terms of the series may be neglected as 
being of inconsiderable magnitude with respect to the first, and 

1 
hjf = m,(jr- 1) (vii.) 

16. Having given Lx, tojind !« (x + z); z being small when com" 
pared with x. 

Expandmg 1. (l + ^) by (vi.), [since >J^( ^ = g^] ' 

Ic (^ + .) = 1. . + 2 I 2iV^ + J . (2^)% ... } (viii.) 

Cob. If ^=1; U^+')-^^^^[^^^ij^^ 
which is useful in computing lc(l + a?) from lc<r, particularly when x is large. 
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17. Having given the Napierian Logarithms of two successive 
numbers J x - 1 and x, to Jlnd that of the number next JoUowing, 



= 2l«jf-l.(J?-l)+l«(l-^) . 
Expanding ( 1 _ - 1 by (vi.), [since i = 



1 



2*«-l 



1. 



l«(a?+l)=2jex-l.(*-l)-2.|2^^ + i.^2^j^ (X.) 



18. To expand a* iw a series ascending by powers of 
x; i. e. to expand the Number in a series ascendmg by 
powers of the Logarithm, 

a'={l +(a-i)}' 

= l+x,(a-l) + x. — -— ,(a- ly+x.—- — . o '(^~ 0*+ •••• 

let the coefficient of x {which is (a - 1) — ^ . (a — 1)* + i . (« - 1)"- . . . } 
be represented by p^, and let the coefficients of s^, ^r, ... be repre- 
sented by ps, ps, ... ; then 

a' = 1 + pjX + pgX^ + p^x^ + . . . 

.'.a* = 1 + p, 2 + p^z* + p^s^ + . . . 

Now a^'^^ = fl' . a', 

or 1 + pi . (a: + 2r) + /)» . (a? + z)* . . . + p. . (jr + js)" + . . . 

= {1 ■hpiX+p2ar^+ ... +p,a:"+ ... } x {l+p,2+pgZ*+ ... +p,s*+ ...}, 

and by equating the coefficients of the terms involvmg xz, x^s, 



X Zy • . • Mr Z% * . • 



2p,= Pi.pi, •'•/'« = ^ 

3pa=pi.pa, '-^^^rg; 



d 

"s 



103 

Now p, = (a-l)-i.(a-l)' + ^.(a-l)»-... = U; by (iv.) 

1 1.2 1.2.3 1.2.3...n ^ ^ 

Cor. If the base be €, (xi) becomes 

.-=,^,^_fL,._^^^...^_|:_^ (»io 

19. To ^iwf Me value of e, Ike base of ike Napierian system 
of logarithms. 

If X = 1, and the base be «, the series for a* in the last Arti^e becomes 
Now, 1 + 1 + -- ^ =2-5 



1 



1.2.8 

1 
1 .2.3.4 

1 

1.2.3.4. 5 

1 

1.2.3.4.6.6 

1 

1.2.3.4.5.6.7 

1 

1.2.3.4.6.6.7.8 
1 



= -1666666666 
«r -0416666666 
= -0083333383 
:= -0013888888 
= -0001984126 
= .0000248015 
= '0000027557 



1.2.3.4.! 9.10 - '<>000002755 

27182818 

This result gives the correct value of «, the base of the Napierian system, so far as 
the figures are put down. By taking more terms and a greater number of figures 
in each, the value of £ might be determined to any degree of accuracy required. 
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20. On the construction of the common tables of logarithms. 

From one of the serieii (v), (vi), (Tii), the Napierian logarithms of low 
prime nmnbers may be found. The logarithm of a high number which is not 
a prime may be determined from the logarithms of its factors, by resolving the 
number into powers of its prime factors ; 

Thus, 1,288 = ^f2».3«=:l,2»+l,3«= 5x1,2 + 2x1,8. 

And the expressions (viii), (ix), (x), will greatly facilitate the finding of the 
logarithms of high numbers which are not primes. 

The Napierian logarithms having been determined, the tables to base 10 are 

deduced from them by multiplying each by ^ , which is equal to *434294819... 

Arts. 3 and 14. Cor. 4. 

Some of the artifices used in computing the tables may be found in Sharpens 
*' Method of making Logarithms*' prefixed to Sherwin's Tables. 

21. In the common tables are registered the mantissse of the 
logarithms of numbers of five places of figures, these mantissas being 
computed to seven places of decimals. At the side of each page 
is placed a " Table of proportional parts/' by which, as it will be 
shewn, the mantissa may be found of the logarithm of a number 
containing six or seven places of figures; and conversely, if a 
logarithm be given whose mantissa is not contained exactly in the 
tables, the number corresponding to it may be determined, by 
means of these additional tables, to six or seven places of fiigures. 

22. On the construction and use of the Tables of Proportional 
Parts, 

Let mi and m^ be the mantisss of two consecutive integral numbers, n and 
n + 1, which contain five digits each ; and let m be the mantissa of the number 

n + — , which contain six digits, the last of which (a) is after the decimal point. 



10 



a 



Now, since n and n + — have the same number of integral places, their 
logarithms have the same characteristic; 



a 



,', m-mi= 1,0 (» + ^) - K^ = ^10 ^ , Art. 5. = l^o f I + j~ j 
which, by expanding 1,0 ( 1 + tt- j by (ii.) and neglectmg the succeeding terms 



1 a 



as being small compared with the first term, becomes ^ . - ■ , nearly. 



.I,.(.+ 1)-1,.: 



1 1 

■|.lo"' 



QBf be detennined, when 



33. Bj ibe Tables, page 110, 

Mantisas of 3«6S3 = n, = IWSSTM 
36632 = m, = ■«63S60e 



And In llie «ipKsiioQ fa — m, - (iit,-iBi)ij, writing for o the numbera I, 2, 3, 
A, 6, tS, 7, B, 9 luccenWelj, the fomer of tbeu uble* ii obtained. 



< 


m,-m, 




I 


*«""4 






or •oooooua 


■0000012 neailr 


2 


■00000238 


■0000024 


3 


-00O0O3S7 


-0000036 


4 


-00000476 


-0000048 


A 


-O00OOS9S 


-OOOOOflO 


tl 


■000007U 


-0000071 


7 


00000633 


■0000083 


s 


■000009JS2 


■0000096 


9 


•00001071 


■000O1O7 



in 


1 


12 


2 


M 


3 


3« 




4lt 




BO 


6 


71 




83 




US 
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Now, the "difference" put down in the Tables for nnmben neu 36600 is 
119, aod the "Table of Proportional Pana" ia lire latter of the Tablei abore. 

It appears then, that the aignificanl digiU imly of the whole difference, and of 
the differences coiresponding lo [he several digits, are inserted in the table of 
proprational parts. Hence the following Rule for constructing Tables of Fiopot- 
lional Parti is evident : 



Of the tignificanl part of 
digit as a decimal; (tnis is th 



the whole difTeremie point off the last 
e same thing as multiplying the whole 



difference by — , the whole difference being treated as an integer). 
Multiply the resulting number by 1, i, 3, ... 9 successively, and 



106 

the whde numbers thus obtained (the last digit in the integral part 
being increased by unity where the decimal part is not less than -5) 
are the significant parts of the differences for the digits respectively. 



Thus^ let the significant part of the whole difference be 156. 

15'6 X 6 = QS-Q = 94 nearly. 
... X 7 = 109-2 = 109 
... X 8 = 124-8 = 125 
... X 9 = 140-4 = 140. 



15-6 X 1 = 15*6 = l6 nearly. 

... X 2 = 31-2 = 31 

... X 3 = 46-8 = 47 

... X 4= 62-4= 62 

... X 5 = 78-0 = 78 



If the digit be given the difference is immediately known 
from such a table^ or vice versIL To avoid the necessity of per- 
forming the operation of subtraction in any particular case in 
order to find the whole difference^ there is a line in the tables 
marked at the top with ''Diff.'^ in which the difference is placed 
opposite to that logarithm at which such difference begins. To 
know what the difference therefore is in any particular case^ it is 
merely requisite to take the number in this line next above the 
logarithm in question. 



Ex. 1. To Jind the Number whose Logarithm is 3-5677766. 

By the tables, p. 110, the mantissa next below the given mantissa is that 
of Ijo 36963, and the whole difference put down is 117. 

Mantissa of the given Logarithm = m = '5677766 
Mantissa of Ijo 36963 r= m, = -5677672 



.*. m — «»i = 94 

By the table of Proportional Parts to ^^Diff." 117, the difference 94 corre- 
sponds to the digit 8 ; therefore the significant part of the Number sought 
is 369638. Also, since the given Logarithm has 3 for its characteristic, the 
Number required is 3696*38. 



Ex. 2. Required the Logarithm of 367*654. 

By p. 110, lio 367*650 = 25654346 
And "Diff." bemg 118, Part for 4 = 47 



.-. 1,0 367-654 = 2.5664393 
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24. To find the Mantissa of the Logarithm of a Number which 
has seven places of digits. 

Let nt] and ntg be the mantisss of n and n + 1, two successiTe integers of 

five digits each : let M be that of n + — + — , which has the same number of 

integral places as n and n + 1, and has also one digit (a) in the place of the tenths, 
and another (b) in that of the hundredths. 

Since a and b are digits after the decimal point, the numbers n and 

a b 
n + TT + cTjT have the same number of integral places, their logarithms have 

the same characteristic, and the difference therefore of their mantissas is the 
same as the difference of their logarithms ; 

a b 

rLT 1 / . « . * \ 1 1 ^"^10 "^100 

=^^^^^rfe+4)}=l^s•^U+lS))^y^^)' 

neglecting the terms of the series after the first. 

Similarly, since n and n + 1 are integers of the same number of digits, 

m8-wii=l,o(» + l)-l,o« = lio(l + -j=j^.-; 

... iir-«.=(«..-»..).(^H.A)=(»^-..).^-Hi. {("..-"..). ^|. 

Now the first part of the expression, (m^—mi) . rrr, is the quantity to be 

added to nti for the fifst additional digit a. Art 22. And (mg — nti) . — is what 

woidd have been added, had b been the first additional digit, instead of being the 
second ; wherefore the quantity which is to be added for b when it is the second addi- 

1 ( 6 > 

tional digit, nanlely, -rz . \ (ms—mi) . rr > , is the tenth part of what would have 

been added, had b been the firsts instead of being the second^ additional figure. 
The following Examples will explain what has been said. 

Ex. 1. To find Ijo 3684-286. 

fiy the tables, p. 110, lio3684*2 » 3*5663432, and "Diff." being 118, the part for a 

first additional digit 8 is 94 ; and for a first additional digit 6 the part is 71? and 

71 
therefore the part when 6 is a second additional digit is rr , or 7*1 • The opera* 

tion is thus performed; 

] 10 3684-2 = 3-5663432 
Part for 8 = 94 

Part for 6 = 7*1 

.\ 1,„ 3684-286 = 3-6663533 
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Ex. 2. To find the Number whose Logarithm is 2*5656560. 

2-5656560 
Now 2-6656471 = Ijo 367-83, p. 110. 

89 

83 = Part for digit 7. "Diff." being 118. 

6 = Part for a second digit 5. 

.-. 2-565666() = Ijo 367*8375, 
and therefore 367*8375 is the number sought. 

25. On the adaptation qfformuloe to logarithmic computation. 

After a table of logarithms has once been constructed^ the labour 
of certain arithmetical operations can be materially diminished, 
while at the same time the chance of committing errors is lessened. 
But by referring to Articles 4, 5, 6 of this Appendix^ it will appear 
that the sole arithmetical operations which can be performed by 
logarithms, are those of Multiplication^ Division, Involution, and 
Evolution. Before, therefore, the value of an expression can be 
calculated by means of logarithms, the expression must be put into 
such a form that no other arithmetic operations than these have to 
be performed. Such an arrangement of an expression is called the 
adaptation of it to logarithmic computation. 

Thus if a, 6, c, the three sides of a triangle, be given, logarithms cannot be 
directly applied to determine the value of cos A from the equation, 

Cos A = — ^-z ; 

2bc 

but if from this equation the formula, 

Co8^^=\/ t > where ^=i(a + 6 + c), 

be deduced, logarithms can be inunediately applied to determine the value of 
Cos ^ A, 

For a, 6, c being given, S and iS* — a are easily determined ; and these being 
known, Cos ^ ^ is determined from the equation 



The two accompanying pages of logarithms are taken from 
Babbage's Tables, the most correct and the best arranged of any 
which have been published. The columns have been omitted which 
in those Tables are given to determine the number of seconds in an 
angle containing a given number of degrees^ minutes^ and seconds^ 
and conversely. 
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10000000 
2 3010300 
34771213 
46020600 
5.6989700 

67781513 
78450980 
8 9030900 
9^542425 
lOWOOOOO 

110413927 
120791812 
131139434 
141461280 
15 I76O9IS 

162041200 

172304489 
182552725 
192787536 
203010300 

21 3222193 
22 3424227 
233617278 
243802112 
25 3979400 

264149733 
27 431363S 
284471580 
29 4623980 



30 

31 
32 
33 
34 
35 



37 
38 

39 
40 



4771213 

4913617 
5051500 

5185139 
5314789 
5440680 



36 5563025 



5682017 
5797836 
5910646 
6020600 



41 6127839 

42 6232493 

43 6334S85 

446434527 
456532125 



466627578 

476720979 
486812412 

49:6901961 
50\69S97O0i 



51 
52 
53 
54 
55 

56 

51 
58 

^9 
60 

61 
62 
63 
64 
65 

66 

67 
6% 

69 
70 

71 
72 
73 
74 
75 

76 

77 
78 

79 
80 

81 
82 
83 
84 
%5 

B6 

87 
3B 

89 
90 

91 
92 
93 
9^ 
95 

96 

91 
98 

99 
100 



1075102 
7160033 

7242759 
7323938 

7403627 

7481880 

7558749 
7634280 



7708520 /109 
7781514 



101 
102 
103 
104 
105 

106 
107 
108 



7853298 

7923917 
7993405 
8061800 
8I29134 

8I95439 
8260748 

8325089 
8388491 
8450980 

8512583 
8573325 

8633229 
8692311 
8150613 

8808136 

8864907 
8920946 

8976271 
9030900 

9084850 

9138139 
919078 1 
9242793 
9294189 

9344985 
9395193 
9444827 
9493900 
9542425 

9590414 
9637878 
9684829 

9731279 
9111236 

9822712 

9867717 
9912261 
9956352 
0000000 



110 

111 
112 
113 
114 
115 

116 

117 
118 

119 
120 

121 
122 
123 
124 
125 

126 
127 
128 

129 
130 

131 
132 
133 
134 
135 

136 

137 
138 

139 
140 

141 
142 
143 
144 
145 

146 

147 
148 

149 
150 



0043214 
0086002 
0128372 
0170333 
02 11 893 

0253059 
0293838 
0334238 
0374265 
0413927 

0453230 
0492 180 
0530784 
0569049 
0606978 

0644580 

0681859 
0718820 
0755470 
O79I8I2 

0827854 
0863598 
0899051 

0934217 
0969100 

1003705 
1038037 
1072100 

1105897 
1139434 

1172713 
1205739 
1238516 
1271048 
1303338 

1335389 
1367206 

1398791 
1430148 

1461280 

1492191 
1522883 
1553360 
1583625 
1613680 

1643529 
1673173 

1702617 
1731863 
1760913 



151 
152 
153 
154 
155 

156 

157 
158 

159 
160 

161 
162 
163 
164 
165 

166 

167 
168 

169 
170 

171 
172 
173 
174 
175 

176 

177 
178 

179 
180 

181 
182 
183 
184 
185 

186 

187 
188 

189 
190 

191 
192 
19s 
194 
195 



1789769 
1818436 
1846914 
1875207 
1903317 

1931246 

1958991 
1986571 
2013971 
2041200 

2068259 
2095150 
2121876 
2148438 
2174839 

2201081 
2221165 
2253093 
2218861 
2304489 

2329961 

23552841 

2380461 

2405492 

2430380 

2455127 
24^19133 
2504200 
2528530 
2552725 

2576786 
2600714 
2624511 
2648178 
2671717 

2695129 
2718416 
2741578 
276461 8 
2787536 

2810334 
2833012 
2855513 

2878017 
2900346 



196: 2922561 

197 2944662 

198 2966652 
199 



200 



201 
202 
203 
204 
205 

206 
207 
208 

209 
210 

211 
212 
213 
214 
215 

216 
217 
218 

219 
220 

221 
222 
223 
224 
225 

226 

227 
228 

229 
230 

231 
232 
233 
234 
235 

236 

237 
238 

239 
240 

241 
242 
243 
244 
245 

246 

247 
248 



2988531 249 
30103001 250 



SO31961 
3053514 
3074960 
3096302 
3117539 

3138672 
3159703 
3180633 
320146s 
3222193 

3242825 

3263359 
32831C^ 
3304138 
3324S85 

3344538 

3364,591 
3384,565 
3404441 
3424227 

3443923 
34J63530 

3483049 
3502480 
3521825 

3541084 
3560259 
351934^ 
3598355 
3611218 

3636120 
3654880 

3613559 
3692159 

3110619 

3729120 
3747483 
3765770 

3783979 
3802112 

3820170 
3838154 
3856063 
3873898 
3891661 

3909351 
3926970 
3944517 
3961993 
3979400 



no 



Num. 



3650 5622929! 3048 



s 
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4118 
5308 

6497 
7685 

8874 

6I563OO62 

1250 

8 2437 
3624 

3660| 4811 
5997 

7183 
3| 8369 
4 9555 

515640740 
1925 

3109 
4293 

5477 
3670l 6661 

7844 

9027 

5650209 

1392 

2573 

3755 

7| 4936 

8 6117 

7298 

36801 8478 

9658 

2|5660838 

2017 
3196 

4375 
5553 
6731 

7909 
9087 

3690|5670264 
1 1440 



2617 
3793 
4969 

6144 
7320 
8495 
8 9669 
9156808^3 



4237 
5427 
6616 
7804 

8993 
0181 
1368 
2556 
3743 

4930 
6116 
7302 
8488 
9673 

0858 
2043 
3228 
4412 
5595 

6779 
7962 
9145 
0328 
1510 

2692 
3873 
5054 
6235 
7416 

8596 
9776 
0956 
2135 
3314 

4493 

5671 
6849 

8O27 
9204 

0381 
1558 
2735 

3911 
5086 

6262 

7437 
8612 

9787 
0961 
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3167 
4356 
5546 
6734 
7923 

9111 
0299 
1487 
2674 
3861 

5048 
6235 
7421 
8606 
9792 

0977 
2162 
3346 
4530 
5714 

6897 
8080 
9263 
0446 
1628 

2810 

3991 
5173 
6353 
7534 

8714 
9894 
1074 
2253 
3432 

4611 
5789 
6967 
8145 
9322 

0499 
1676 
2852 
4028 
5204 

6379 
7555 

8729 
99041 
1078 



3286 
4475 
5664 
6853 
8042 

9230 
0418 
1606 

2793 
3980 

5167 
6353 
7539 
8725 
9910 

1095 
2280 
3464 
4648 
5832 
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4594 
5783 
6972 
8I6I 
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0537 
1725 
2912 
4099 

5285 
6472 
7658 
8843 
0O29 

1214 
2398 
3583 
4767 
5951 



3524 
4713 
5902 

7091 
82801 



0656 
1843 
3031 
4218 

5404 
6590 
7776 
8962 

rl47 

1332 

2517 
3701 
4885 
6069 



7016 713417252 

8I99 8317 8435 
9382 9500 961 8 
0564 0682 0800 
17461 1864 1983 



2928 
4109 
5291 
6471 
7652 

8832 
0OI2 
1192 
2371 
35501 

4728 

5907 
7085 
8262 
9440 

0617 
1793 
2970 
4146 
5322 

6497 
7672 

8847 
(021 
1196 



3046 
4228 
5409 
6590 

7770 

8950 
0130 
1310 
2489 
3668 

4846 
6025 
7203 
8380 
9557 

0734 

1911 
3087 
4263 

5439 

6615 
7790 



01391 
131 



3164 
4346 

5527 
67O8 
7888 

9068 
o248 
1428 

2607 
3786 

4964 
6142 
7320 
8498 
9675 

0852 
2029 
3205 
4381 
5557 

6732 
7907 



8964 9082 



o256 
1430 



3642 

4832 

6021 

72101 

8398 

9587 
0775 
1962 

3149 
4336 

5523 

6709 
7895 
9O8I 
0266I 

1451 
2635 
3820 
5004 
6187 

7371 
8554 
9736 

0919 
2101 

3282 
4464 
5645 
6826 
8006 

91 86 
o366 
1545 
2725 
3903 

5082 
6260 
7438 
8616 
9793 

0970 
2146 
3323 

4499 
5674 

6850 
8025 

9199 

o374 

1548 



3761 
4951 
6140 
7329 
8517 

9705 
0893 
2081 
3268 
4455 

5641 
6828 
8013 

9199 
o384 

1569 
2754 
3938 
5122 
6306 

7489 
8672 
9855 
1037 
2219 

3401 
4582 
5763 
6944 
8124 

9304 
o484 
1663 
2843 
4021 

5200 
6378 
7556 
8733 

9911 

1087 
2264 
3440 
4616 
5792 

6967 
8142 

93171 

0491 

1665 



3880 
5070 

6259 
7448 
8636 

9824 
1012 
2200 

3387 
4574 

5760 
6946 
8132 
9318 
o503 

1688 
2872 
4056 
5240 
6424 

7607 
8790 
9973 
1155 
2337 

3519 
4700 
5881 
7062 
8242 

9422 
0602 
1781 
2960 
4139 

5318 
6496 
7674 
8851 
0028 

1205 
2382 
3558 
4734 

5909 

7085 
8260 
9434 
06O8 
1782 



S99S119 
5189 

6378 
7567 
875 

9943 
1131 
2318 
3505 
4692 

5879 
7065 
8251 
9436 
0621 



1806 

2991 
4175 

535g 

654A 

7726 
8908 

0O9I 

127 

2455 

3637 
4818 

5999 
7ISO 
8360 

9540 

0720 

1899 
3078 

4257 

5435 
6614 

7791 
8969 
ol46 

1323 

2499 
3675 
4851 
6027 

7202 

8377 
9552 
0726 
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APPENDIX II. 



ON THE CONSTRUCTION AND USE OF TABLB8 OF GONIOMRTRIC 

RATIOS. 



1. If it be required to find the value of a trigonometrical 
formula in which the sines^ cosines^ tangents^ secants^ &c. of 
given angles enter^ much labour may evidently be avoided by 
determining the values of these quantities once for all and re- 
gistering them in tables. 

In very small angles the sines and tangents are exceedingly 
small quantities^ and if they be expressed as decimal fractions, 
two or three cyphers will follow the decimal point before the 
significant digits are arrived at. Now in order to avoid the 
inconvenience of printing these cyphers^ the real values of all 
Goniometrical Ratios are multiplied by 10,000 (or the decimal 
point is moved four places to the right) before they are regis- 
tered in the tables ; and the tables so formed are called, '' Tables 
of natural sines^ cosines^ &c.*" 



* The tables of Gtoniometric Ratios are sometimes said to be '^calculated to 
a radius of 10,000.** To explain the meaning of this expression. 

If with C as centre, and radius CA^ an arc AB be 
described, and BN, ^ T be i- to CA, the lines NB, CN, 
AT, CTf AN respectively, are sometimes defined to be 
the sine, coHne, iangeniy secant, and versed sine, of the 
angle ACB to the radius CA, — or the sine^ cosine, tan- 
gent, secant, and versed sine, of the are AB. 

The expression ''to the radius CA** is necessary to these definitions, because 

the lines NB, ^7... depend on the magnitude of CA as well as upon that of 

the angle ACB; in fact, if the angle ACB continue of the same magnitude, 

those lines vary directly as CA. 

Now 
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2. To Jtnd the sine and cosine of 10". 
Let 6 be the Circular Measure of an angle of 10". 

Then ^= »» ' 



, a fortiori, 



IT 180x60x60 64800' 
.*. 6 = -000048481368110. 

But Sine>^-Je», (Art. 105). 

Sin 10 " > - i (-OOOOS)* 
> -000048481368110 



-•000000000000032 
> -000048431368078. 

Also, Sin 10" < 6, or -000048481368110. 

Wherefore a near approximation to the value of Sin lO'' is obtained by 
taking the first twelve places which these two quantities have in common, and 
therefore 

Sin 10" = -000048181368 very nearly. 

fiy substituting this value of Sin 10" in the formula 

Cos 10"= V{l-8in«10"}, 

there is obtained 

Cos 10" = -9999999988248. 

Now by the definition which has been adopted of the sine, 

CB CA 

10 000 
.-. 10,000 X sin ACB =NB. -^^^ . 

But 10,000 X sin^C^ is the tabular sine of ABCi 

10 000 
.-. tab. sin ACB = NB . -^ = NB, if CA = 10,000. 

t^A 

Wherefore the tab. sine o( ACB expresses the magnitude of the line NBy (the 
Sine of ACB to the radius CA), the magnitude of CA being represented by 10,000. 

Similarly the tab. cosine, tab. tangent, &c., of ACB, express the magnitudes 
of the lines CN, A T, &c., the magnitude of CA being 10,000. 
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3. The Sine and Cosine of 10" being known, the Sines of all 
angles between 10" and 90° ^^^ be thus calculated. 

Sm(A -\- B) :^ 2Bm A , COB B - im(A ^ B) ; 
and writing n . W for Z A, and 10" for z ^, 

Sin(n + 1) 10 " = 2 sin i» 10". cos 10" - sin (» - 1) 10". 
Now 2 cos 10" = 1 -999999076496 

= 2 - -0000000023504 
= 2 — Af suppose; 

.-. Sin(n + 1) 10" = 2 sin n 10" - A . sin n 10" - sin (n - 1) 10" 

= { sin n . 10" - sin (» - 1) 10" } + sin n 10" - * . sin » 10". 

And by writing successiTely for n the numbers 1, 2, 3... 
Sin 20" = (sin 10" - sin 0") + sin 10" - A . sin 10", 
Sin 30" = (sin 20" - sin 10") + sin 20" - * . sin 20", 
Sin 40" = (sin 30" - sin 20") + sin 30" - ft . sin 30". 



This method is not very laborious. In the last line, sin 30" and (sin 30"- sin 20") 
are known from the two lines preceding, and the chief labour is in multiplying 
sin 30" by k. 

The Sines of angles up to 60° having been successively cal- 
culated by the above method^ those of angles between 60** and 90° 
may be thus determined. 

Sin (600 + ^) - gin (60" - ^) = 2 cos OO^ . sin ^ = sin ^ ; 
.-. Sin(60o + ^) = sin ^ + sin (60o - A), 

So that if A be made to increase by 10' at a time from 0^ up to eo**, this formula will 
give by addition merely the sines of angles from 60'' to 90^. 

4. The Sines of angles up to QOP having been determined^ 
their Cosines are also known. 

For Cosyl = 8in(900-^). 
Thus Cos 260 = gin (900 _ 26O) = sin Oft® ; Cos 72° = sin (90° - 72®) = sin 18® ; &c. 

5. The Tangents, Cotangents, Secants, and Cosecants can be 
determined from the Sines and Cosines. 

p f 

^ ^ ^ Bin A ^ ^ . ZQ% A ^ . 1 ^ . 1 

For Tan A = 7 ?-\ JCot A- - — ^, Sec A = ^ , Cosec A = -; — -, . 

cos ^ i^ sm i4 ' cos -<4 ' sm A 
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6. Since, 

Sin A = cos (90» - A), Tan A = cot {gOP - A), SecA = eosee (90° - A), 

the Sines, Tangents, and Secants of angles from 45® to 90° are 
the same respectively as the Cosines, Cotangents, and Cosecants of 
angles from 4*5° to 0°. Wherefore it is unnecessary to carry the 
tables further than to the angle 45°. 

Thus Cos 72^ 20' = sin (90° - 72°, 20^ = sin 1 7°, 40', 

Sin 72°, 20' = cos 1 7°, 40', Tan 72^ 20' = cot 17^ 40', 
Sec 72°, 20' = cosec 17°, 40'. 

At the bottom of the page containing the Sines, &c. of angles 
from 17° to 18° is placed the angle 72°, and the column which at 
the top of the page is marked to indicate the Sines of angles 
from 17° to 18°, is marked at the bottom to shew the Cosines 
of angles from 72° to 73°; and so for the other Goniometric 
Ratios. See page 11 6. 

7. Formulce of Verification. Since the Goniometrical Ratios 
are determined successively from one another, one error will affect 
every successive result. As checks against the possibility of errors, 
several formulae {of verification as they are called) are used to 
examine the accuracy of the results; and the values registered 
in the tables are presumed to be correct if they satisfy these 
formulae. 

The following are the principal formulae of verification. 

(1) Sin^ = ^{Vl + 8in2y|-Vl-8in2^}. 



(2) Cos^ = ^{Vl + 8m2^+Vl-8in2^} 
A being an angle less than 45®. 



:} 



(41). 



Again, Cos W = ^ V ^ ; Cos 72° = ^^^^SlI ; Art. 58, (8), (2). 

4 4 

.-. Sin(36o + ^)-8in(360-^) = 2co836o.8in^=^-^^.sin^, 

and Sin (72o + ^) - sin (72o - ^) = 2 cos 72« . sin ^ = g~ ^ . sin ^ ;J 

.*. by subtraction, 

Sin(36°+ ^) +sin(72« -A)- 8in(36o -A)- sin (72° + ^) = sin^ ; 

(3). .-. Sin ^ + sin {W - ^) + sin (72® + ^) = sin (36® + ^) + gin (72°-^), 
which is Euler^s formula. 
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Again, Sin 540 = ^^^; «nl8o = ^^^V^; Art. 58, (3), (2). 



and 28in54<^.cos^ = sin(54<>+^) + 8in(540-^) 
2 sin Ifio . cos^ = sin (ISP^A) + sin (IdP 






(4). .-. Cos^, or Sin(900-yl), 

= sin (540+ A) + sin (640- A) - sin (W+ A) - sin (18«- A\ 

which is Legendre*8 formula. 

This formula might have been proved by writing 90^ — ^ for ^ in £uler*s 
formula. 



Ex. To exemplify the use of these formulae. By making A = 13° in 
Legendre*8 formula ; 

Cos 180 = sin 67® + sm 41° - sin 31° - sin b\ 

Now the tables give for the quantities in the second member of the equation 
9205-049 + 6560*590 -5150-381 -871*567, which = 9743*701 the quantity given by 
the tables as the Cosine of 13<>. 

Since, therefore, these quantities satisfy the relation which ought to exist be- 
tween the Sines of 67°, 4P, 3P, 5°, and the Cosine of 13°, it may be concluded, 
without much chance of error, that the values of these Goniometric Ratios are 
cosrectly given by the tables. 

8. The values of the Goniometric Ratios having been thus 
calculated, multiplied by 10,000, verified, and registered in tables, 
are called " Tables of Natural Sines, Cosines, Tangents, Cotangents, 
Secants, and Cosecants." To find the real Goniometric Ratios 
from these tables, the tabular numbers have to be divided by 
10,000; that is, the decimal point has to be removed four places 
to the left. 

9. The logarithmic sines, cosines, tangents, &c. of angles 
will next be treated of, by which, rather than by the natural 
goniometric ratios, mathematical calculations are most frequently 
made. 

A page from Sherwin's Logarithmic Tables, calculated for angles 
which differ from one another by 1', is here subjoined, the Natural 
cosines, tangents, secants, and cosecants being omitted. The column 
following that of the N , sines, which is marked " N . D . V" will 
be explianed in the next Appendix. 



8—2 



]? Degrees. 




72 Degrees. 



APPENDIX III. 



ON THE LOGARITHMIC TABLES OF GONIOMETIIK; KATIOS. 



1, When the Sines, Cosines, &c., of angles have been de- 
termined, their logarithms may be found from the tables of the 
logarithms of numbers. There are, ho\irever, methods by \i^hich 
the logarithms of the Goniometric Ratios can be found inde- 
pendently. 

2. Tojind liosinO, sind not being given. 

Si„e = e.(l-5).(.-/^).(l-^,) An. 133. 

By making = - . ^ , and taking the logarithms of both sides of this equation, 
"^ '" \'"¥r^ ' '^® (' " 6»n«) ' ^^' ^""^ expanded by (ii.), p. 100. 

" 1.10 * V4"w' "^ ' ' 4*«* ■*" * • 4«^« "^ ) 

1 / W* J TO* . fW® \ 

~ 1.10 ' Ww* "^ 2 • (ji7;4 + ^ • fj6-« + • • j 

~ 1,10 * \B«/*« ■*■ ^ • H*n* "*■ •» • 8«n« "^ -7 
-&c. 

Now 1,0 (- . 2J = lioW« + l|.)'»r-lio»-lio2, 

and l,o^^^^^ = lioU2n + TO).(2n-m)}-U(2=/i=) 

=- l,n(2/t + m) + l,o(27i - m) - 2. {l,o2 + l,„n} ; 
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l.^sin 



Mo 



r /111 \ ^ "l 

.1/1.1 1 \ «* 

1/I4.I4.I \«* 



+ 

^ +&C. 



By giving m and n different values, the logarithmic tines of all angles may be 
found by this formula. 

3. In like manner from the series 

— (■-^)('-K)('-?5) --• 

the following formula is obtained; 

liocos (- • 2 ) = ^io(» + w) + \o{n - m) - 2l|o» 

r /1+I + I+ \^\ 

, / 1 1 1 \ m* 

1«10 \ 

1/111 \v^ 



i.+ &c. 



4. The logarithms of the Sines and Cosines having been 
thus determined, those of 



Tan0 = 



sin d 



Sec0 = 



cos d ' """ " COS ' 

may be severally found. 



Cot d = - — ^ , 
sm 6 



Cosec 6 = 



sin a' 



5. Since all Sines and Cosines are, generally, less than 1, 
their logarithms to base 10 are negative. In order to avoid the 
inconvenience of printing negative characteristics, the logarithms to 
base of 1 of all Goniometrical Ratios have been increased by 
10, and the resulting numbers being registered are called "Ta- 
bles of Logarithmic Sines, Cosines, &c/' 
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Hence if any one of these tabular logarithmic quantities be 
given, by subtracting 10 from it, the rea,l logarithm of the go- 
niometric ratio may be obtained. 

These tabular logarithmic quantities ivill be indicated by the 
letter L; thus the tabular logarithmic sine of A, or lO + lioSin^^, 
will be written L sin A. 



6. The common Logarithmic Tables of Goniometric Ratios are 
calculated for angles which differ from one another by one minute. 
If, besides degrees and minutes, the angle contain some seconds, 
its tabular logarithmic function may, with certain exceptions, be 
found on the principle proved in the next Article. 

7. The increments of tabular logarithmic sines, SfC, of angles 
vary, except in certain cases, as the increment of the angle. 

Let the angle A receive the increments a", and 60", successively. 

Then Sin (A + a ) -^inA,} 1 + ^ — > 

I smA f 

. . f - cos ^ . sin o" ) 
= sm^ . ^ 1 + -J— I , unless A = m> nearly; Art. 59. Cor. 

.-. lioSin(^ + a") = lio8in-4 +li„(l + cot-4 .sine"); 
.-. {10 + l,o8in(^ + a")}-{10 + lio8in^} = lio(l + cot^ . sina"); 

.-. L sin(^ +0") - L sin^ 

= ?— . {cot^.8uia"-^cot«^.sin«a" + ... | App. I. (14) (ii.) 

= |— -- . cotA , sin a" ; by neglecting the higher powers of cot A . sin a"; 

le 10 

which may be done unless ^ = 2n . 90^^ nearly. 

And writing 60" for a" in this equation, it becomes 

L sin(^ + 60") - L sin^ = :; . cot^ . sin 60"; 

LlO 

Lsin(^ + a")- Lsin^ sing" a a in« r 
''' LBm(A + 60") - L sin ^ " sin 6(r " 60 • ^'** ^^' ^'' 

And in an exactly similar manner it may be shewn that for the Cosine, 
Tangent, &&, of an angle, the increment of the tabular logarithm varies as the 
increment of the angle, except in those cases mentioned in the Corollaries to 
Arts. 60, 61, 62. 
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8. To explain the meaning and use of the columns of differ- 
ences for one second (DifF. 1"), which are placed after the columns 
of logarithmic sines, tangents, Sfc. 

If a" become 1", the equation arrived at in the last Artide becomes^ 

Z, 8in(^ + 1") - Zr sin^ = { X, (sin^ + 60") - Zrsin^ 1 . i, 

which is the difference for £ sin ^ corresponding to one second. 

Now, if this quantity be computed and registered, Zr(sin^ + a")— Zrsin^ 
may be determined, when a is given, by merely multiplying this registered 
difference by a; and when Irsin(^ + a") is given, a may be found by dividing 
L%\xi(A + a") - LfAnA by this difference. For 

L %m{A + a") - L sin ^ =• { L 8in(^ + 60") - L %mA \ . ^ 

L8in(^ + 60")-L8in ^ 
60 

L sin {A + a") — Lf\Ti A 



.o, 



and 



a = 



~'.{L %m{A + 60") - Lsin .4 I 

Thus, L sin 17^ 1' = 9-4663483 
L sin 17®, = 9-4659353 

.-. L sin 17^ r - Z sin 17° = -0004130 



Now «x- = 68-833, which is the quantity put down in the Tables as the 
difference for one second to L sines of angles between 17° and \^^, W 

The significant part of the difference is considered as a whole 
number, or the real difference is multiplied by 10^ in order to 
avoid the necessity of printing the three or four cyphers which 
in nearly every case precede the significant part of the difference*. 

9. Ex. 1. To find L sin \7% 14', 12". 

L sin 17S 14', = 9-4716785 
Now Diff. for 1" = 67*850 
.-. Diff. for 12" = 814-200 = 814-2 



.-. L8inl7o, 14', 12" = 9-4717699. 



• The column of differences for the natural sines, &c. of angles are computed 
after a manner sunilar to this, and the differences themselves are all multiplied 
by 1000, for the sake of avoiding the necessity of printmg the cyphers unmediatdy 
following the decimal point 
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Ex. 2. If L sin A = 9*4685537, required A. 
L sin ^ = 9*4685537 
L sin 170, 6' = 9*4684069 



Diff. = 1468 

68*4U0 



Now Dxff.fw V is in this case 68-400, and ^^rr. = 21*46 ; .-. y| = I70, 6', 21"*46. 



Ex. 3. If IjcmA^ 9*9784328, required A. 

In this case, because the increase of the angle is attended by the decrease of 
the L cosine, Art. 60, Cor. 2, the given L cosine must be subtracted from that 
in the tables which is next greater than it. 

Now L cos 17", 54' = 9*9784619 
L cos ^ = 9*9784328 



Diff. = 191 

Now Diff. for 1" in this case is 6*800, and ^^L = 28*088 = 28-09 nearly ; 

6*800 

and the angle required is 17°, 54', 28"'09. 

Ex. 4. Required the L cosine of 72<', 5', 8". 

By the Tables, p. 116, 

L cos 720, 5' =9*4880335 , and /)fy. /or 1"= 65*15; 
.*. Diff. for 8" = 521*2 



.-. ZrCOs72<», 6', 8" =9*4879814 

The difference for the additional seconds being in this case subtrticted from 
L cos 720, 6', Art. 60. 

Note. It may here be observed, that the difference for 
additional seconds must be added for L sines, L tangents, and 
L secants. Arts. 59, 6I, 62; and subtracted for L cosines, Art. 60, 
L cotangents, and L cosecants. 

10. To shew that the same columns of " Differences for 1"" 
serve for L sin A and L cosec A, for L cos A and L sec A, and 
for L tan A and L cot A. 

For Sm ^ = ^^^^^ ; .*. lio sin ^ = - l,o cosec A, 

.*. Zr sin ^ = 10 + lio sin -4 = 20 ~ (10 + Ijo cosec ^) = 20 - L cosec A. 

Shnilarly, L sin {A + 1") = 20 - L cosec [A + 1") ; 

.*. Z sin(il + 1") - L sin ^ = - { L cosec(-4 + 1") - L cosec A j . 
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Hence a column of <^ differences for 1"** is printed between the columns of logarith- 
mic sines and cosecants ; serving to the former as a column of increments for 1", and 
to the latter as a column of decrements for 1". 



In like manner it may be shewn that 

L cos (^ + 1") -Lcos^ = -|L8ec(il + 1") - L sec ^ } 

Ltan(^ + l")-Ltan^ = -|Lcot(^ + l")-Lcot^} . 

Wherefore the columns of cosines and secants have the same 
differences for V, as also have the tangents and cotangents: and 
it is to be observed that these differences serve respectively as 
increments to the secants^ (Art. 6l.), and to the tangents (Art 
62.), and as decrements to the cosines (Art. 60.), and to the 
cotangents. 



11. Before the increment of the tabular logarithm of a Go- 
niometrical Ratio can be determined from the small given increment 
of the angle, or conversely, the two following conditions must 
be fulfilled. 



I. The logarithmic increment must in that particular case 
vary as the increment of the angle. 



II. The increment of the logarithm must not be an exceed- 
ingly small quantity. 



Thus, if it were required to determine L sin 89°, 40', 3", from Tables in 
which L sines were registered for all angles from 0° to 90° which differed from one 
another by T, it would be found that, 

L sin 890,41' = 9-9999934 
L sin 890,40' = 9*9999927 



.-. Difference for 60" = 7 

Wlierefore, if even the first of these conditions held for the L sines of angles 
about 89°, 40' in magnitude, (which it does not, Art. 59.), yet a difference of 1 in 

the L sine would produce a difference of -j-^ or 9" nearly, m the angle; and there- 
fore any increment of 89°, 40' which was not greater than 8", would produce no 
change at all in the tirst seven figures following the decimal point of L sin 89°, 40'. 
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12. To determine the degree of accuracy to which additional 
seconds may be calculated in a given case by making use of the 
principle assumed in the text. 

Let n be the number of seconds by which a difference of unity 
is produced in a certain logarithmic function of a given angle^ and 
let / be the difference for 60"; — the differences being considered 
in both cases as whole numbers; — 

Then ^r = t > and n = -7- . 
00/ / 

fin 
The quantity -j therefore gives the number of additional seconds 

corresponding to the least possible increase of the given logarithmic 
function of the angle, and is consequently the measure of the degree 
of accuracy to which small increments of the angle may be cal- 
culated on the principle that the Increments of the angle vary 
as the Increments of the logarithm of some particular Goniometric 
function of it 

13. It has been observed, '^PP* m- ^> ^^^ ^^ ^^^^ logarithm 
of a Goniometrical quantity is obtained by subtracting 10 from the 
tabular logarithm. It is ^erefore necessary. 

To establish a general rule for supplying the tens when the 
tabular logarithms of goniometrical quantities are used. 

Let Cos* A = a , sin"'JB . tan** C be any trigonometrical formula 
adapted to logarithmic computation, App. i, 25; B and C being 
given angles, and A being required. 

Then n , lio cos A = liofl + m AiosinB + p . lio tan C ; 

.-. n .(10 + lioCOS^)- n.lO = lioa -\- m , {10 -\-^ioSm B) - m . 10 

+ p . (10 + l,otanC)-p. 10; 
.-. n , L cos A = liofl -i-m . LsinB + p , L tan C + {n-(m + p)} x 10. 
And here n, m, p may be whole or fractional. 

Whence the rule; Add to the second member of the equation 
as many tens as the number of times the tabular logarithms of 
the goniometrical ratios have been taken in the former member of 
the equation exceeds the number of ti?nes they have been taken in 
the latter member. 
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Ex.1. Tan* ^ = cos 5 . co8« C ; 
5.Ltaii^ = Lco8 5 + 2.Lco«C+{5-(l+2)}.10=Lcos5 + 2.Lco8C + 20. 

Ex. 2. Tan' ^ . sin* J? = 7 . sec* C, 



2 . L tan ^ + . L sin 5 = lio « - lio 6 + 4 . L sec C + {(2 + 6) - 4 } . 10 

= lio a - lio * + 4 . L sec C + 40. 

Ex.3. T^^A^h^; 



S 

cos^C 



3 V ^ 

-.Ltan^ =lio2 + ^.Lsin.B - i. 



|.L.mi»-|.ico.C + ||-(|-|)|.10 



5 2 

= lio 2 + - . L sin .B - - . L cos C - i . 10. 

Had both sides of this equation been raised to the sixth power, the fractional 
indices would have disappeared, and the value of tan A would, practically, have 
been determined much more easily. 

14. Lastly, the methods will be explained by which small 
angles are determined from their L sines, and conversely. 

When an angle receives a small increment, the Differential 
Calculus affords the means of determining with facility the con- 
sequent increase of the Goniometric Ratio. 

Required the increase of h sin 6 arising from 6 receiving a 
small increment hO. 



By Taylor's Theorem, 

L sin (0 + ^6) = L sin + rf^L sine. ^0 + rf| LsinO . —-5-+ ... 
Now L sin - 10 + Iio8in0 ; 

, , . ^ 1 COS0 1 . 

.*. d/i jL Sm = |— —• . -; — r = 7—77. . cot (7, 

^ 1«10 8m0 hlO 

2 1 

whence, rf^ L sin = — y— . cosec® ; 

1 1 ^50^^ 

.-. L5in(0 + o0)-L8in0 = 1 . cot0 .50-,— -. cosec^ . ~-i- + 

^ ^ 1»10 1|10 1.2' 
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15. Now if d be very small, cosec is very large, and there- 
fore unless 8^ be exceedingly small also, the second difference, 

— .j . cosec* . ^^ — — , is of such a magnitude that it cannot be 

l^ 10 1-2 

neglected in comparison with the first difference, .cot 0.86. 

In this case, therefore, since the increment of L sin d does not vary 
as Id, the simple power of the increment of 6, the quantity to be 
added to L sin 6 for a small increment of cannot be obtained by 
a simple proportion, but will have to be determined approximately 
by the tedious process of computing the first two terms of the 
series which gives the value of the increment of L sin Q, 

There are three methods of escaping this inconvenience. 



16. The first method is, to construct tables for the first few 
degrees to intervals of a second, instead of to intervals of a 
minute as the tables in ordinary use are constructed. 

Here ^6 must be less than one second, and L sin (0 + ^6) may be roughly 
computed to decimal parts of a second by neglecting the second term of series 
of (14), p. 124 ; in which case, 

Z. sin (0 + ae) - L sin e = . cot . ^0 ; 

Therefore, for any particular value of 0, A Lsin0 oc ^0. 



17. Second method. By the following formulas which are given 
by Maskelyne in his introduction to Taylor's Logarithms, a small 
angle may be determined very accurately to decimal parts of a 
second from its L sine and conversely, by the aid of tables of 
L sines and L cosines which are calculated to every second for 
a few degrees. 

08 05 

Sin = - r— 7| + ... = - -— nearly. 

08 02 

Cos 0=1- -J — - + ... = 1 — — nearly. 



Sin0 




0» / 02\ * 
= 1 - g— ^ ^l\--\ nearly, = cos*0. 



n 

Let be an angle containing n", then n = p, or = n. sin 1"; 

and .*. Sin = n . sin 1" . cos* 0, 
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Writing n" for 6, and taking the logarithms, 

L Sinn" = l,o» + L sin 1" + J X^ cosn" - J . 10; 

.-. L Sinn" ^\^Qn^L sin T - J . (10 - Z. cosn") (L), 

\^n = Z, Sinn" + ^ (10 -L cosn")-/. sin r (iL) 

Def. The quantity 10 - L cos n" is called **- the arithmetic complement" of 
L cos n". 



18. It is to he remarked, that in using these formuls to determine L sin n" 
when n is given, or conversely, an approximate value of L cosn" may be taken 
from the tables and written in the second member of the equations without sensibly 
affecting the result, because the variation of L cos n" is exceedingly small when n 
is small, as may easily be shewn*. The whole matter will be rendered more clear 
by an example. 



Ex. If L 8inn"= 7*3217783, required n. 
Now Taylor's tables give. 



L sin 7', 12" 
L sin 7', 13" 



7-3210683 I L cos 7', 12' 
7-3220624 I L cos 7', 13' 



9-9999990 
9-9999990 



Therefore the angle is T-, 12" nearly ; and 7', 12" is the approximate value 
of the angle which must be taken in the second member of (iL) of the last Article. 



Now by (ii.)> 

L8inn"= 7-3217783 

i(10- Lcos7', 12")1 

3^ " ^k _ -0000003 



or J X -0000010, 



'}- 



7-3217786 
L sin 1" = 4-6855749 



.-. lion= 2-6362037 = lio432-717; 
.-. n = 432*717, or the angle required is 7', 12"-717. 



63 0* 0« 

'^'"''^-1:2 + 1. 2.3.4 =1-2 nearly, 



.-. 1. 



• • ""lO CO^ 



e, or L cos 0-10, = -J— •{^+i-(f)'+-}5 



1 08 

(L cos - 10) = - — • (^ + "5" + •••)» a very small quantity, if 

1|10 ^ 



be an angle of a few minutes only. 
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19. In like manner a formula may be established for finding 
Z.tann'^ from «, and conversely. 

2 



tanO 






- 0f 0« 

2 *~ 2 



(l_|y =(co8e)-»; 



, tann'' 

••• ^ ;: — ^-TT, = (cosn"H; 
n.sinl ^ ' 

/. L tan»" = l,on + L sin 1" - | . L cosn" + ^ . 10; 

.-. L tann" = l^jW + L sin 1" + | . (10 - L cosn") (iii.) 

And lion = L tann" -LsinV- | (10- Lcosn") (iv.) 



20. Delambre's Tables. The third method aWnded to, (15, p, 125,) 
is to construct tables as far as an angle of one degree^ which give 

Ijo— 3— , (or tables which give *io —3— + L sin 1"), for every 

second. 

Such tables are, perhaps^ printed in no collection except those 
of Callet; they may, however, be easily constructed for use in 
the following manner: 

Let 6 be an angle of n seconds ; .*. = n . sin 1". 



sin y sin n' 
" ^°n.8inr = '^°' 



Then i,^---= Iiq— -^— - == Ij^smw - l,oW - IjoSm 1 



= Z/sinn" — lio» — L sin 1"; 



. I 8ln0 r • 1'/ r • //I 

• • MO ~e~+ L sin 1 = L sin » - ho w. 



Similarly, if be an angle of n minutes, 

1 sin0 , 1 

*io —5— + L sin 1 = L sin n - *,o n, 
(7 
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21. To determine the Sine of a given small angle, or cent ^ 
versely,from Delamhre's Tables, * 

bince bin e = -^ . 6 = -^ . » . sin 1"; 

.-. A8ine = (lio^^ + Lsinl") + l,on; 

.-. /. sin n' = (lio ^ + L sin l") + l.of* (i.) 

And l.on = L sin n" - (li„ ~i + i, gin 1") (IL) 

■In fl 

The most convenient tables are evidently those which give (lio~^- + J^ wnl") 



for every second. 

22. Ex. 1. To determine Lsinn'^ bi/ Dalambre's Tables^ 

Since, as shewn below*, Ik, —3—4- L sin 1" increases very slow- 

ly as ^ increases, by taking for Jjo -^ + Lsin 1" the quantity 

which is given in the tables for the angle containing that number 
of seconds which is the nearest integer to the given number (n) 

and adding lio n to it, the value of L sin n'' is obtained without 
sensible error. 

Thus ; If n = 546*iJ5, required L sin 54'6"'25. 

By Taylor's Tables. L sin 546", or L8in9', 0", is 7-4227670; 

and lio 646 = 2-7371926. 
Therefore, when 6 is an angle of 546", 

lio -J- + L sin 1" = L sin n" - Ijo n Art. 20 : p. 127. 

= 7*4227670 - 2-7871926 = 4-6866744, 



. „ sine , 03 e* , 6« , 

, sine I (0« l/^'\' 1 ^1 "n^ 1 /^ 2e» \ 

a very small quantity, if be an angle of a few minutes only. 



129 

the quantity corresponding to the angle o48" which would be given in the tables 

^ 1 sin 6 ,-.■.,/ 
of lio -gp- + L sin 1". 

.-. By (i. ) Art. 21, p. 128, L sin 646"-26 = 4*6856744 + l^o 646-26 

=» 4-6855744 + 27373914 » 7*4229658. 

Ex. 2. To determine n when L sin n'' is given. 

By referring to the tables of L sines in common use the in- 
tegral number of seconds is found which is contained in the angle 
whose L sine is next below the proposed quantity : suppose this num- 
ber to be fit. Then substituting in (ii.) Art 21, p. 128, the quantity 

given in the tables for that value of {lio — ^— + L sin 1"} which 

corresponds to the angle m'', a near approximation to the value of 
n is obtained. 

Thus, // L sin n" = 7*4230612, required n. 

By Taylor's Tables, 

L sin 546" = 7*4227670, and L sin 547" = 7*4235617 ; 

.*. the value of m in this case is 546. 

Now, as in the last example, the value of Iiq— ^ + Lsinl" for an angle 
546" is 4*6855744. 

Therefore by (ii.). Art. 21, p. 128, 

lio « = 7-4230612 - 4-6855744 = 27374868 = l,o 54637 ; 
and .'. 546" *37 is the angle sought. 
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EXAMPLES. 



1. Prove that 4.5», 15', 20" = 50», 28\ 39"-50; 10°, 15', 37" 

1QQ0 

= IK, 40\ S'^'Og; 18°, icy, 48"=20», 20'; -^- = 115», 4?'. 

2. The Complements of 17^ 36', 43"; 2^, 27', 6"-S2 ; and 
216^ 45'; are 72*, 23', 17"; 60°, 32', 53"-68 ; and-126^ 45'. 

3. The Supplements of 37^ 4', 3"; 115^ 13', 24"-66; and 
226", 14', 17"; are l42^ 55', 57"; 64«, 46', 35"-34 ; and-(46% 14', 17"). 

4. If Cot ^ = - , find the values of Sin >f , Cos A, Cosec >^, 

2 

Versini4, and Sec^. 

5. Prove the formulae, 

(1) Sec* A . cosec' A = sec* A + cosec* ^. 

(2) Cot* A . cos* i4 = cot* A - cos* A. 

(3) Cos ^ = —77- -x—TT . (4) Versin A = j— . 

^^ ^(1+cot*^) ^^ sec^ 

(5) Sin ^ . cos A = . -. . 

^ ^ tan ^ + cot ^ 

6. (1) If Tan*^ + 4sin*^ = 6; A = 60P, 

(2) If »i = tan A + sin A, and n = tan ^ - sin ^4 ; Cos A= " 



m + n 



(3) If 7w . sin ^ = w . cos A ; Sin -<4 = ± . . 

Jm' + «* 

tan^ 



(4) If 1 = (g|^)'+ (cos A . cos C)*; Sin C = 



tan B ' 



^ (5) 'If Cosa: = ^^, and Cos <90'> - ^) = ^^ ; 
^ ' sm C • ^ '' sm C 

Cos- A + cos* 5 + cos* C = 1. 
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7. Prove the following formulae: 

(I) TsLTiA + cotA ==Qcosec2A. (2) CotA-tanA = 2cot2A. 

^^ l+cos2^ ^^ Vl-sin^ l-tani>f 

(5) Cosec 2 ii + cot 2 ii = cot ^. (6) 2 . Cosec 2 -4 = sec ^ . cosec A. 

, . Sin A ^. J .. Versin-r4 ^ ,, . 

(7) , J ^cotlA. (8) ^.— rr« An — j\ = tan* A A, 

^^ l-cosA ^ ^ -^ ver8in(180«-^) ' 

(9) 8 . cot 2 -4 . cosec* ^A^cotA, cosec* -r4 - tan ^ . sec* A. 

(10) Versin(180°-^)'=2 versi(180" + ^) . vers ^ (180'- .4). 

(II) Sec2^="^^^±J?5_^. (12) Tan*i^=-fr^-r^^. 

cot -4 - tan ^ ^ ^ * 2 sin -r4 + sin 2 ^ 

8. Prove that, whatever be the values of the angles, 

(1) Co82>l + co825 = 2 . co8(i4 + 5) . cos(^-5). 

(2) 1 -^ cos 2 -^ . cos 2 5 = 2 . (sin* A . sin* B + cos^ A . cos* B), 

(3) Cos' (ii + 5) -sin' .4 = cos 5. cos (2 if + 5). 

^ Sin {A - 1?) ^ sin ( ^ - C) ^ sin^C-^) ^ ^ 
'^ sin ^ , sin B sin 5 . sin C sin C. sin A 

C5) Cos {A + B). sin (>f - 5) + cos {B+C). sin (5 - C) 

+ cos (C + D) . sin {C''B) + cos (D + ii) . sin (P-A) = 0. 

C6) Cos(i4 + 5).sinJB-cos(.^ + C).sinC 

= sin {A + B) . cos 5 - sin (^4 + C) . cos C, 

<7) Sin (ii + B) . cos B - sin (^ + C) . cos C = sin (^-C) . cos {A+B^ C). 
<8) Sin (ii + ^ - 2 C) . cos B - sin (.4 + C - 2 B) . cos C 

= sin(5~C).{cos(5+C-.4) + cos(^ + C-5) + cos(y4 + B-C)}. 
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0. Prove that 
0) !"^-^!"-^ = tan'(45'>+i^). 

(2) Sec (45^ + ^) . sec (45<» - ^) = 2 sec 2 A. 

(3) 2 sec ^ = tan (45° + i ^) + cot (45° + ^ A). 

(4) Tan (3(f+ A), tan (30'-^ A) = 1^^-44^ ' 

^ ^ ^ ' ^ ^2 cos 2^ + 1 

(5) Sin (60° + ^) - sin (60° - ^) = sin A. 

10. Find the numerical values of Sin 15°, Sin ^\ Cos 12°, 
Versinl5°, Tan 22°, 12', Sin J 50°, Cos 135°, Sin 3°, Sin 75°, 
Sec 225®; and prove that 

(1) Tan 50° + cot 50® = 2 sec 1 0«. 

(2) 2 cos — = ^9. + ^{2 + &c + ^(2 + 2 cos A)\ ; where n is 

an integer, and the symbol ^J is repeated n times, each time 
affecting all the quantities which follow it. 

11. Determine A in the following equations: 

(1) Sin ^ = sin 2^4. (2) Tan2^ = 3tani4. 
(3) Tan A - cosec 9. A, (4) Cos A = tan A. 

(5) Tan*2>f = 3tan2A (6) * Tan ^ + 3cot^ = 4. 

(7) Tani4.tan2>f + cotv^ = 2. (8) 2 sin'3^ + sin*6^ = 2. 

(9) Tan -4 + cot2 -^4 = sin ^ . (l + tan ^ . tan ^ ^4). 

(10) Cos « ^ + cos (« - 2) -<4 = cos A. 

12. Determine x in the following equations: 

fl ) Sin (a - jr) = cos (a + x), 

(2) Sin (a; + a) + cos (ar + a) = sin (a; - a) + cos {x - a). 



(3) Sin a + sin {x — a) + sin (2a: + a) = sin (x + a) + sin (2x — a), 

(4) Tan a . tan j? = tan* (a + ar) - tan" (a - x) ; — to find Cosx. 

(5) w . versin x = n , versin {a — x). 

.^. m.%an(a-x) n.tana: ^. ,p , ^ . n-m ^ - 

(6) ^: = — a7 ^. . \_Ans, fan (a-Sx) = - . tana.1 

^ ' cos' a: cos'(a-'jr) ^ "^ ' n-fm -" 

I — 2 cos '^ a 

(7) Tan (a + or) . tan (a-x) = - — ^ . Vx = SO*'.] 

^ ' ^ ^ ^ ^ l-2cos2a ^ -■ 

(8) « . sec" j: . tan (a - x) = m . sec' (a — jr) . tan x. 

rrr. ^ wisin2a _ 

r Tan 2 or = -^—.1 

^ m + n cos 2a -* 

(9) Sin J? = sin a . sin (/3 + x), FTan x = ^- ,- - — ---, ."1 
^ ' V / L. 1 - sm a . cos ft -• 

(10) Tan X = cos a . tan ft. Shew that 

tan' A a . sin' 2 /3 

Tan (ft-x)= , — :- Vi ' /3 • 

^' ^ 1 +tan'^a.cos2/3 

,, . wi sin a C08(/i + a') ,:,. j m 

(11) — = -r-75 . ^7 ( . Find Tan x. 

^ ' w smp cos (a -a?) 

(12) If 2 sin (*c - .y) = 1» and Sin (x- ^) = cos (j: + y) ; 

then X = 45°, and ^ = 1 5^ 

13. If J + iJ+ C-90%- 

(1) Tan^.tanJB + tan-r4 . tan C + tanl? . tan C = 1. 

(2) Cot A + cot JB + cot C = cot ^ . cot B . cot C. 

(3) Tan-r4 + tanB + tan C = tan ^4 . tan jB . tan C+secA, aecB .»ec C. 

14. KA + B+C=180'; 

(1) 4 sin il . sin 5 . sin C = sin 2 -<4 4- sin 2 ^ + sin 2 C 

(2) Sin' iA + sin' ^ 1? + sin' ^ C + 2 sin J ^4 . sin ^ iB . sin ^ C = 1 . 
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15. Prove that, 
(1) Tan-» i + tan-' ^ = 45*. (2) Tan"* \ + 2 tan"' ^ = 45«. 

(3) Cot-* f + cot-* ^ = 135^ (4) Sin-' -^ + cof* 3 = 45". 

s/5 

(5) If ^ = tan-* 4= , and = tan"* ^ 



^3 Vl5' 

then Sin (0 + ^) = sin 60^ . cos 36\ 

(6) If a = cos-* Jf , and d) = cos-' y—^^^; then + = 60^ 

(7) If Cot jr = n . cot (« - j?) ; then 2 ar = a - sin~* f- — - . sin a j . 

(8) If Versin-* (1 + a?) - versin-* (1 - a?) = tan"* 2 Jl-s!' ; 

then j? = ± 1, or- ^. 

(9) If Versin-* - - versin-* — = versin-* (i-b); then -=± , / - — -, 
^^^ a a ^ ^ a \/ l-^b 



16. (1) If w = tan 6 - sin 0, and n = tan ^ + sin 6 ; find the 
relation between m and n. 



(2) If Tan 6 = - , then a . cos2 ^ + 6 . sin 2 6 = a. 

a 



(3) If (or - a) . cos ^ + c . sin (/ - S) = 0, 

(y — b) . cos B + c . cos (/ - ^) = ; 
then (x- a) . sin / + (^ - 6) . cos / + c = 0. 

(4) If a . sin' 6 -h a' . cos" = 6, a' . sin* O' + a . cos" ()' = 6' ; 

and a . tan 6 = a\ tan 0' : then - - + —> = r ■+- r; • 

a a b' 



KiT) 



m^- 1 
(.5) If Tan = tan' ^ </>, and Cos' </> = — - - ; 



3 



then »! = 



(cos^ a + sin^ 0)^ * 



(6) If Cos t; = : then Tan A v = a / • **" i "■ 



17. In a RIGHT- ANGLED TRIANGLE ^flC, C being the right 
angle ; 

(1) Co8(2ii-iJ) = ^.(3c»-4a»). 

(2) Area = (semi-perimeter) x (semi-perimeter — hypothenuse). 

(3) The perimeter beinff given, and the perpendicular from C 

on Cy to find the tnree sides. 

(4) A person observes the elevation of a tower to be W, and on 

receding from it 100 yards further he finds the elevation to 
be 30°; required the height of the tower. 

(5) A cylindrical tower of given diameter terminates in a conical 

n)ire. At a measured distance from the foot of the tower 
the angles of elevation of the tops of the spire and the tower 
are observed. Find the heights of the tower and the spire, 
{V) when the measured distance is horizontal, and (2) when 
it is inclined at a given angle to the horizon. 

(6) To a person standing 288 yards from the foot of a tower, 

its elevation is ^^^y 8' ; determine the logarithm of the height 
of the tower : 

L tan 53^. 8' = 10-1249818 ; lio288 - 2-4593925. 

(7) The h3rpothenuse is 7854-3, and one angle is 37°, 18'; find 

the logarithm o^ the opposite side. 

L cosec 37°, 18' = 10-2175337 ; lio7*8543 = -8951075. 



].% 



Of)LlQUR-AN(H.KD TRIANGLKS. 



18. General Properties. 

(1) TanJB= r >^. 

a-b , cos C 

(2) Cosi(^-.l?) = ^i±^.sinJC; Sin (^ - ^) =—"*'. sin C. 

(3) i (a* + 6' + c") = a6 . cos C + ac . cos JB + 6c . cos ii. 

(4) i (a + 6 + c) = i (o 4 ft) . cos C+ i (a + c) . cos 1? + i (6 + c) . cos A. 

(5) c'=(a + ft)^sin4C+(a-ft)^cos•iC. 

(6) 2a . cot ^ ^ = (6 + c - a) . (cot ^ ^ + cot ^ C). 

(7) j.sin4B = |^.sin''i^. 

(8) The length of the line from C which bisects c is 

i.{2(a'+6')-c'}i. 

ft\\ K 1/8 L2\ sin il . sin £ 

(9) Area = i (a» - 6*) . -.— . — ^v.- . 
^ '^ * '' sin (-4 - ij) 

(10) 1^1 = (cos2^ - cos2 B) + i . (cos4^ - cos 4 5) 

+ J . (cos 6 -<4 - cos 6 JB) + ... 



1 n h A^ A^ 

(11) Ig - = - . COS C + "—, . cos 2 C + —-^ . cos 3 C + ... 
^ ' c a 2a* 3a^ 

7?"_* sinC h^ 8in2C 6' 8in3C 
^ ^ a Sin 1" a* sm 2 a^ sm 3 

19. (1) The sides of a triangle are 13, 12, 5; find its area. 

(2) Given the perimeter, area, and an angle, find the side 

opposite to the given angle. 

(3) Given B^ a, and the area {S), to determine the triangle. 

(4) Given the vertical angle, the perpendicular on the base, 

and the rectangle under the segments of the base, to de- 
termine the triangle. 



137 

(5) The length of a road^ in which the ascent is 1 foot in 

five^ from the foot of a hill to the top is a mile and 
two-thirds. What will be the length of a zigzag road in 
which the ascent is 1 foot in 12? 

4 

(6) The area of a triangle is - of that triangle whose sides are 

3 

equal to the three lines which join the angles of the first tri- 
angle with the bisections of the sides respectively opposite. 

(7) If in the three edges of a cube which meet in a point 0, 

points Ay By C be taken which are distant a, h, c from 
Oy the area of the triangle formed by joining A, B, C 

is i(a«i«+iV + aV)*. 

(8) The sides of a triangle are as » - 1, n, n + 1, where n is 

very large; find the angles, and determine the difference 
of each from 60®. 

(9) An object six feet high, standing at the top of a tower, sub- 

tends an angle Tan"' *015 at a station which is 100 yards from 

the base. Find the height of the tower. Ans, ^^^ J SOOOQ-l, 
Explain the meaning of the double result. 

(10) Two objects, 4 and B, were observed to be at the same 
instant in a line inclined at an angle 15° to the east of a 
ship's course which was at the time due north. The ship's 
course was then altered, and after sailing 5 miles in a N. W. 
direction, the same objects were observed to bear £. and 
N. E. respectively. Required the distance of A from B. 

Ans, 5 .{S - Js) miles. 

(11) A vessel observed another a° from the north, sailing in a di- 
rection parallel to its own. In p hours its bearing was /^^ 
and in q hours afterwards 7° from the north. To what point 
of the compass were the vessels sailing? 

(12) The shadows of two vertical walls, which are at right angles 
to each other, and are a and a^ feet in height, are observed, 
when the Sun is due south, to be h and h^ feet in breadth. 
Shew that if a be the Sun's altitude above the horizon, and p 
be the inclination of the first wall to the meridian ; 

Cot a = ^ /f*; + ii-V cot/?=4'. 

(13) A boy was flying a kite at noon when the wind was blowing 
a^ ftoxa the south, and the angular distance of the kite's 
shadow from the north was ff*. The wind suddenly changed 
to a/ from the south, and the shadow to /3/ from the north, 

10 
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and the kite was raised as much above 45^ as it had before 
been below that elevation. Shew that ^ being the angular 
elevation of the Sun^ and 45^ - 0® that of the kite at firsts 

sin (a - ^ . sin (a^ - /3^) ' 

Tan'(45''-»'')-^!"i°-^V^'"^i. 
^ ^ "^ sm (a^ - p J . sin p 

(14) A privateer observes the direction in which a trader leaves 
a harbour at a known distance. Having given the rates of 
sailing of the two vessels^ shew how to compute the angle 
at which the privateer must pursue the trader^ so that she 
may just have prepared for action at the time she comes 
within gun-shot. 

(15) There are two towns lying N. and S. of each other, and 
distant 2^ miles. Their angles of depression as observed 
from a balloon are 45® and 60®, and after the balloon has 
proceeded horizontally 6 miles in a S. £. direction, the angles 
of depression of each are i of what they were before. Shew 
that the height of the baUoon was 3 miles very nearly. 

(16) The sides a, b, c of & triangle are 4, 5, 6, find the angle 5; 
having given 

l,o2 = -3010300. L cos 2?^ 53' = 9*9464040. 

1,0 5 = -6989700. L cos 27^ 54' = 9-9463371 . 

(17) Given lio3 = -4771213, and Ltan57S 19', 11"= 10-1928032, 
nearly. Shew that if one angle be 60", and the two sides 
containing it are as 19 to 1, the other two angles are 
117^, 19', 11", and 2S 40', 49". 

(18) Two sides of a triangle are as 9 to 7, and the included angle 
is 64^ 12'; determine the degrees, minutes, and seconds in the 
other angles. Given 

lio2 = -3010300, L tan 57^ 54' = 10-2025255. 
L tan IV, 16' = 9-2993216. L tan IV, 17' = 9*2999804. 

20. (l) The radii of the circles described within and about 
a triangle whose sides are a, b, c being r and R, prove that 

2 Rr = 7 ; and r = 4 jR . sin ^ ^ . sin ^ 5 . sin ^ C. 

(2) The product of the radii of the four circles which touch three 
lines intersecting each other = the square of the area of the 
triangle which the three lines include. 



139 

(3) Three circles whose radii are a, b, c, touch each other ex- 

ternally; prove that the tangents at the points of contact 
meet in a pointy whose distance from any one of the points 
of contact is 

\a + 6 + c/ 

(4) The areas of all triangles described about a given circle are 

as their perimeters. 

(5) If a, a' be homologous sides of similar triangles described 

about and within a circle^ a' = 4a . sin ^ i^ . sin^ £ . sin ^ C 

21. (1) In a regular polygon of n sides^ of which a side is 

2o, 12+ r = o. cot —- . 

2n 

(2) The square of a side of a pentagon inscribed in a circle = the 

square of a side of the inscribed hexagon^ together with 
the square of the side of the inscribed decagon. 

(3) The area of a circle and that of a regular polygon inscribed 

in it being given^ find the number of the sides of the polygon^ 
and the angles they make one with another. 

22. Adapt to logarithmic computation ; 

In the following questions 6 is required. 

(3) Sin(0 + a) = «».sina. 

(4) Cos(a + O) = cosa. sin^ + sin/3. (5) Cosmd + cosnO + coapO^l. 

_^ ^ rt na . cos A^h . sin B ^ m -n ^ -t i 

(6) Tan d = 3 ; — 7= ; where A, B. C are the angles 

^ "^ ma, cos A+ c . sin C ' ® 

of a triangle^ and a, h, c the sides. 

(7) Sin d.J(l+ tan' ^ . tan'5) + cos (? ; ^(1 - tan*i4 . tan'-B) 

= tan A + tan B. 

23. Prove that, 

(1) |.(8sinia-sin^(?) = a; nearly. 

(2) Versina = -i.{€i®^-e-i^^}. 



140 

(3) If from an arc AB of a circle of radius r whose centre is 

0, AC be cut off = r . sin AOB; then sector COB = seg- 
ment ACB, 

(4) The tops of two vertical rods on the Earth's surface^ each 

of which is 10 feet high^ cease to be visible from each other 
when 8 miles distant. Prove that the Earth's radius is 
nearly 4224 miles. 

(5) The top of a mountain may be just seen from a ship at 

sea which is a miles off, and at a distance of b miles the 
angular elevation of the mountain above the horizon is 6. 

Prove from these data that the Earth's radius is —r-i — . cot 6 

2b 

nearly, and determine the height of the mountain. 



24. Solve the equations; 

(1) a:'+l=0. 

(2) a:' - 6a: - 4 = 0. [a: = - 2, or 1 ± Js.^ 

(3) a:'- 1470? -343 = 0. [One root is 13-1556964; given that 

Cos 20<> = -9396926.] 



25. Logarithms. 

(1) From lio2, and lio3, find lio72. 

(2) From l,ol4, and I10I6, find \o2, l,o5, Kl, ^loy^. 

(3) From lio2, and I1067, find L tan 15^ 

1 i+y i-jv A7B AT"* V 

(4) M(i.i.)^.(i-i.)-^}=i^-^^,.^6.... 
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SPHERICAL TRIGONOMETRY. 



CHAPTER I. 



ON GBBTAIN PROPERTIES OF SPHERICAL TRIANGLES. 



1. Def. a Svhere is a solid bounded by a surface of which 
every point is equally distant from a fixed point which is called the 
centre of the sphere. 

Def. The line joining the centre with any point in the surface 
is called the radius of the sphere. 



2. Every section of a sphere made hy a phme is a circle. 

Let ABCD be a sphere of which the 
centre is 0; AFCG toe curve in which a 
plane cutting the sphere intersects its sur- 
face ; OE a perpenaicular from upon the / 
cutting pkne. 




Join E with F any point in AFCG, and 
join FO. Then since OE is perpendicular 
to the cutting plane^ it is perpendicular to 
EF, a line meeting it in tnat plane; 

.*. EF=J(J0F*- 0£*), a constant quantity. 

Now E is Sijixed point in the cutting plane^ and F is any point in 
the curve AFC. Therefore AFC is a circle whose centre is E and 
radius is EF. Euclid^ i. Def. 15. 

Cob. If the cutting plane pass through the centre of the sphere^ 
EO vanishes^ and EF becomes equal to OF, the radius o£ the 
sphere. 

A 



3. Dep. The circle in which a sphere is cut by a plane is called 
a great, or a small, circle according as the cutting plane passes, or 
does not pass, through the centre of the sphere. 

Cor. Since the radius of every great circle is equal to the radius 
of the sphere (Art. 2, Cor.), all great circles of the sphere must be 
equal. 

Note. Unless the contrary be expressly mentioned, when here- 
after an arc of a sphere is spoken of, an arc o£ a great circle is meant. 

4. Dep. Spherical Trigonometry investigates the relations 
subsisting between the angles of the plane faces which form a solid 
angle, and the angles at which the plane faces themselves are inclined 
to one another. 

For the sake of convenience the angular point is made the centre 
of a sphere, which being cut by the plane faces containing the solid 
angle, presents on its surface a figure of which the sides are arcs of 
great circles. 

Let ABC be a triangle of this kind, whose 
sides AB, BC, CA, are formed by the intersection 
of the planes A OB, BOC, CO A, with the surface 
of a spnere of which is the centre. The angle 

of any face, as AOB, is — ^j^y- , PL Trig. Chap. vi. ; 

and the angle contained between any two faces, (as B 

BOA and CO A), is the angle contained between AD and AE, which 
are lines drawn in the planes BOA and CO A at right angles to their 
intersection OA. EucHd xi. Def. 6, 

The lines AD, AE, being at right ancles to the radius OA, and 
lying in the planes of liie arcs AB and AC, are tangents to those arcs. 

5. After certain properties of spherical triangles have been proved, it will not 
be requisite, in pursuing further investigations, to represent in the figures attached to 
the Propositions the centre of the sphere on which the triangles are described. 




" or 



It must not, however, be forgotten, that when the words ^'the angle BAC 
<< thcL angle A ** occur, the angle meant is that of the inclination of the planes 
passing through O the centre of the sphere and the arcs AB and AC; and that 
this is the angle contained between two lines drawnfrom any jooint in AO at right 
angles to it, and respectively lying in the planes AOB and AOC. Also, whenever 
the expression '^ the sine of AB " occurs, the sine is meant of the an^e which Uie arc 
AB subtends at the centre of the circle of which it is a portion. If this drde be 
a great circle, its centre is also the centre of the sphere. 

6. In the following pages the angle BAC will commonly be 
indicated by the letter A, and the angle subtended by BC, the side 
of the triangle opposite to z BAC, will be indicated by a. The other 
parts of the triangle ACB will be represented in like manner. 



7. Dbp. If OE (fig. Art. 2.), which is perpendicular to the 
plane AFC, be produced Doth ways to meet the surface of the sphere 
m B and D, tnese points are respectively called the nearer and the 
further poles of the curcle AFC; and the straight line BOD is called 

the axis of the circle AFC. 

8. The pole of a circle is equally distarvt from every point in 
its drctmferenee. (Fig. Art 2.) 

Join B with F any point in AFCG. Then, BEF being a right 
angle, 

BF'=BE'-^EF' 

= BE* + {OF'- OE') ; a constant quantity. 

And F being any point in AFCG, B is equally distant from every 
point in the circumference of that circle. 

Similarly, DF'^DE' + EF' 

= DE' + (OF' -OE*); a constant quantity. 

Hence D is equally distant from every point in the circumference of 
AFCG. 

Again ; let BF be an arc of a great circle passing through B and 
F. Then since that BF is constant, and that in equal circles equal cir- 
cumferences are subtended by equal straight lines (Euclid in. xxix.), 
the arc BNF is constant; and also, because the radii of all great 
circles are equal, the angle BOF subtended at the centre of the 
sphere is constant. 

Hence it appears that every point in the circumference of a circle 
of a sphere is equally distant from the pole of the circle, whether 
the distance be measured by the length of a straight line joining the 
point with the pole, or by the arc of a great circle connecting the 
same points, or by the angle which this arc subtends at the centre of 
the sphere. 

9. Since BO is at right angles to the plane AFC, every plane 
through BO is at right angles to that plane. Hence, the angle be- 
tween any circle whatever and a great circle passing through its pole 
is a right angle. 




10. If FB he a qiuulrant drawn from any point F in 
ffreat circle AFC at right angles to it, B is the pde of AFC, 

Join B and F "with the centre of the 
sphere, and in the plane of AFC draw OA at 
right angles to FO, 

Then, AO being perpendicular to OF, and j^ 
(since FB is a quadrant) BO being perpendi- 
cular to the same line, therefore z BUA = z 
between the planes AOF and 50jP, whose in- 
tersection is OF; an angle which is by hypo- 
thesis a right angle. 

And BO, being at right angles to OA and OF, is at riffht angle 
to the plane AOF in which they lie; and therefore B is me pole oi 
AFC. 

Cor. If B be the pole of AFC, AO and FO are at right angles- 
to BO, and AOF is the inclination of AOB and FOB ; 

.', Art. 5, ^AF=^ ABF, 

Def. Great circles which pass through the pole of a great circle? 
are called secondaries to that circle. 

11. If from a point on the surface of a sphere there can i^ 
dravm two arcs (not parts of the same circle) which are at rigi 
angles to a given circle^ that point is the pole of the eirde. (Fig 
Art. 10.) 

Let B be the point, BA and BF arcs through A and F, points i 
the circle AFC; and let BA and BF be at right angles to AF. 



Then since BA and BF are at right angles to AF, and are n 
parts of the same circle, the planes BOA and BOF must intersect^s. 
and their intersection BO is at right angles to AOF, Eud. xi. IQ^-^ 
Therefore B is the pole of AFC, 



Cor. Hence also it appears that the intersection of two 
drawn at right angles to a given circle through any two points i 
it, is the pole of that circle. 

12. The angle subtended at the centre of the y^here hy th^^^ 
arc which joins the poles of two great circl&s^ is the incUmstioi^ "^ 
of the planes of the circles. 



o 




Let the given circles be FD and FE 
intersecting in F, A and B their respect- 
ive poles, and ABDE the circle through 
A and B, 

Now AO is perpendicular to OF, which 
is a line in the plane DOF, 

And BO is perpendicular to OF, a line 
in the plane EOF; 

.*. OF is perpendicular to the plane 
AOB ; and therefore to OD and OE, which 
are lines in that plane; 

.'. DOE is the angle of inclination of the planes FOD, FOE, 

And A0B=-A0D^B0D = 9(f-B0D 
= BOE - BOD 
= DOE. 

Cor. Hence also it appears that z AB = z D£ = z D/'E. Arts. 5, 4. 

13. Ttoo great circles are bisected hy their intersections. 
(Fig. Art. 10.) 

Let BAD and BFD be arcs of two great circles intersecting 
each other in B and D. Join BD. 

Then since BAD is a great circle, the centre of the sphere is a 
point in its plane ; similarly, it is a point in the plane of BFD ; 
therefore the centre of the sphere is a point O which is in the 
intersection of these planes, that is, in the line joining B and D. 
Therefore BAD and BFD are semicircles, having BOD for their 
common diameter, and the two great circles are bisected by the 
points B and D. 

14. Any side of a spherical triangle is less than a semidrdey 
and (my angle is less than two right angles. 

Since Euclid takes two right angles as the limit of a plane angle, 
this is also his limit for the angle of any plane face o£ a solid 
angle. Hence in a spherical triangle no 
side can be equal to a semicircle. 

Thus, if ACB intersect AEBF in the 
points A and B, and CD be any other 
arc, the triangle connecting the points B, 
C, X) is not the figure formed by BC, CD, 
DAFB (of which the side DAFB is greater 
than a semicircle), but the figure formed by 
BC, CD, DEB. 




6 

If a side^ as ADEB, become a semicircle^ then the arcs which join 
A and B with any other point C, are portions of the semicircle BCAy 
and the arcs joinmg the points A, B, C cease to form a triangle. 

Wherefore the side of a triangle is less than a semicircle. 

CoR. 1. Hence it follows that an angle of a triangle must be 
less than two right angles. 

For if possible let BFADC be a triangle having the angle 
BCD greater than two right angles. Produce BC to A; then BFA 
is a semicircle^ and BFAD is greater than a semicircle ; which is 
impossible. 

If the angle BCD become equal to two right angles^ BC and 
CD become parts of the same circle^ and the figure ceases to be a 
triangle. 

Wherefore the angle of a triangle is less than two right angles. 

Cor. 2. Hence also it follows^ that if the 
great circle be completed of which any side 
AB of a triangle ABC forms a part> the 
triangle lies within it. 

For if possible^ let C lie without the 
circle, and let CA cut it in D; then since 
DA is a semicircle (13\ CD A is greater 
than a semicircle; whicii is impossible. 

15. If P be the pole of a great circle BAO emd of a small 
circle bac which are cui by the greai circles PaA avd PbB, 

thm 

Arc ab ^. „ 

Let OFy which is at right angles to the planes of both circles, 
cut the plane of the small circle in D. Join AOy BO, aD, bD, 
Since these lines lie in planes which are perpendicular to OP, each 
of them is perpendicular to OP. Join aO. 

Then aD, being perpendicular to PO, is parallel to AO which- 
lies in the same plane with it. 

Similarly, bD is parallel to BO; 

.•• ^ aDb = z AOB. Eucl. xi. 10, 

. . arcab arc AB 
that 18, -^^ =-^o-J 

Arcab aD aD 




Arc AB" AO aO 



= sin POa, or sin Pa, 




I 



( 



Cor. 1. 'Since P0A = 9(f, sin POa = cos a OA; 

Arc ab 



Arc AB 



= cosaOA, or cosa^^. 



Cor. 2. If PA be not a quadrant^ it may be proved in like 
manner that 

Arc a 5 _ sin Po 
Arc AB^^tTPA' 

16. Def. If the angular points A, B, C of a spherical triangle 
ABC, ¥ig. Art 17, be the poles of the three great circles DE, 
EF, FD respectively, the triangle ABC is called with respect to 
DEF the Primitive Triangle, and DEF is called with respect to 
ABC the Polar Triangle. 

17. TAe cmffular points of the polar triangle are the poles 
of the sides of the primitive triangle. 

Join AE and BE, by arcs of two great 
circles. 

Then, since A is the pole of ED, AE = iir, 

Art 10. 

And, since B is the pole of EF, BE = ^ w. 

Therefore the great circle of which E is 
the pole passes through A and B, or E is the 
pole of AB. Similarly D and F are the poles o£ AC and BC 
respectively. 

18. The Polar Triangle is called also the Supplemental Triangle, 
from the folloyring property it possesses. 

The sides and angles of the polar triangle are the supplements of 
the angles and sides respectively of the primitive triangle. (Fig. 
Art. 17.) 

For aA^HG, Art. 10. Cor., =^EG-EH 

= EG-{ED-DH) = EG + DH^ED; 

but EG and DH are quadrants, or each subtends an angle ^ir ; 

.'. zA=ir-ED. 

Similarly, ^ B^w-EF, and / C = 'ir^FD. 
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Again, AB ^ AG -^ BG ^ AG •• {IG - BI) * 

= AG + BI-IG 

= iw + iir-jB, since jE; = /G. (10. Cor.) 

Similarly, BC^w-F, and AC^v-D. 

19. If a general equation he estalUshed between the sides and 
the a/ngles of a spherical triangle^ a true resuit is o6€ained if in 
the equation the supplements of the sides and of the angles re- 
spectively he written for the angles and sides which enter into the 
equation. 

For if the equation be proved for any triangle whatever, the 
sides a', 6', c', and the angles A', B'y C, of the polar triangle may be 
substituted in it, in the place of the sides a, b, c, and the angles 
A, By C, of the primitive triangle. And in the equation as it men 
stands, putting for the sides and angles of the polar triangle their 
equivalents drawn from the primitive triangle, viz. 

ir-A=a', ir^B = b', ir-C = C^, 

jt^a^A'y TT - 6 = 5^, «• - c = C, 

a true result is obtained; which differs from the original equation in 
having the supplements of the sides and of the angles respectively 
written for the angles and sides of the triangle. 

Ex. If Ay B, C be the angles, and a, b, che the sides, of an] 
triangle, it will hereafter be proved (29) that, 

^ J cos a — cos b . cos c 

Cos A = -, — J — : . 

sin o . sm c 

rpi /. n At cosa'—cosft'.cosc' 

Therefore Cos A' = . ,. . — -. . 

sin b\ sin c 

Now A'^Tt-ay a^=ir-Ay h'~ir-By c' = ir-C; 

.-. Cos (ff - fl) - — -^"^ " "^^ ~ ^^^ ("" ~ ^^ • ^^^ ("" " Q 

sin (w - J5) . sin (tt - C) 

^ cos A + cos B . cos C 
.'. Cosa = ,-— ^. 

sm B.smC 
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SO. Anjf two sides of a spherical triangle are together greater 
than the third; and the sttm of the three sides is less than the 
drcumference of a great circle. 

Far^ Eud. xi. 20> any two of the angles AOB, 
BOC, COA, 

(arc AB arc BC aTcCA \ 
""^ ^35"' -^HT' ~A0~)' 

which fonn the solid angle at O, are together 
greater than the third. Therefore any two of 
the arcs AB, BC, CA are together greater than the third. 

Also^ End. XI. 21, the three angles forming the solid angle at O 
are less than four right angles ; 

arc AB arc BC arc CA 

.*. Aic AB + sxcBC +sxcC A <.2ir , AO, which is the circumfe- 
rence of a circle whose radius is AO. 

Cob. 1. Since the sum of the plane angles which contain any 
solid angle is less than four right angles^ Eucl. xi. 21^ it follows 
from the same mode of proofs that the sum of the sides of any poly- 
gonal figure which is described on a sphere, and whose sides are arcs 
of great circles^ is less than the circumference of a great circle. 

[The polygonal figure, however, must be such that the angle between any two 
adjacent sides is less than two right angles^ and also that its area is contained on the 
surface of a hemisphere : for in the proof of the proposition of Euclid referred to, it 
is supposed that all the plane faces wnich contain the solid angle may be cut by one 
plane ; which cannot be the case unless all the edges of the soud angle lie within the 
same hemisphere.] 

Cor. 2. Also^ let ABCDE be a five-sided figure described on a 
sphere^ and let it be divided into triangles by the arcs AC, AD. 
(A figure is easily drawn.) 

Then AB^BC^AC; 

.-. AB^BC^CD7>AC+CD; 

.-. AB^BC-^CD^AD, for AC+ CD:> AD; 

.-. AB-^BC+CD + DE:>AD + DE>AE. 

-And the same method of proof being applicable to a polygon of any 
^number of sides, i{ follows that the sum of all the sides but one of a 
Spherical polygon is greater than the remaining side. 
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Cor. 3. If a and b be two sides of a spherical triangle, since 
each is less than tr, 

.'. a + h <.^ir, .-. ^{a + b) < ir. 

And a-b < v, >'» i(a-b) <: ^n. 

AlsO; since any angle of a triangle is less than v; 

And J - B < w, .'. i{A-B)<iir. 

CoR. 4. a', b^, c'y being the sides of the polar triangle^ 

.'. w > A + B - C ; or, A-\-B-C < w. 

m 

21. 7%0 «wwj o/* <A^ awjr^^ of a spherical triangle is greater 
than two right angles^ and less than six. 

Let A, B, C be the angles^ and a, b, c the sides, of a triangle ; 
A% B', C, and a', b\ c', the angles and sides of its polar triangle. 

Now 2 TT > a' + 6' + c'. (20.) 

> (ir - J) + (tt - 5) + (tt ^ C) 
>3^-(^ + J5+C); 

.'. A + B+ C >- IT. 

Again, since each of the angles A, B, C is less than ir, 

.-. A + B-hC^zSir. 

22. T/ie angles at the base of an isosceles triangle are equa^ 
to each other. 

Suppose ABC to be an isosceles tri- 
angle, having AB = AC, and therefore 
z AOB=zAOC. 

From D, any point in OA, draw DG o 
perpendicular to the plane BOC ; it is 
therefore at right angles to every line it 
meets in that plane; and from G draw 
GE and GF perpendicular to OB and 
OC; join ED, FD, OG. 
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Then 0E'= 0(?^ GE"^ {OL^- DG')-(Eiy- DG^=OD'-^ EIT; 

.'. BE is perpendicular to OE, and .•. z DEG = inclination of the 
planes BOC and BOA, =zB. 

Similarly^ DF is perpendicular to OC, and z DFG = z C. 
Now DE=OD. sin JOB = OD . sin AOC = Di^. 
And EG'=DE'-'DG'=DF'-DG'=FG'. 

Hence, since GJB, ED=GF, FD, each to each, and GD is 
common, 

.-. zDEG=zDFG, or zJ3 = zC. 

23. Conversely, if z5 = zC, or zDEG=zDFG, it may be 
shewn from the same figure that AB = AC; that is, the angles at 
the base beipg equal, the sides opposite to them are equal. 

Cor. Hence also it follows that every equilateral triangle is also 
equiangular ; and conversely, that every equiangular triangle is also 
equilateral. 

24. 0/ the two sidles which are opposite to ttoo v/nequal angles 
in a triangle^ that is the greater which is opposite to the a/ngle 
which is the greater. 

Let z ABC be greater than z BAG, 
Then AC>BC. 

Make zABD==^BAD; .-. DA = DB. 

And AC=CD^DA = CD-^DB; 

But CD + DJ3 is > BC (20) ; .-. ^C > BC. 

25. Conversely, it may easily be shewn that of two angles in . 
^ triangle which are opposite to unequal sides, that is the greater 
Avhich is opposite to the side which is the greater. 

Cob. Hence A — B and a — b have the same sign, 

26. Article 24 has been proved after the manner of Euclid i. ig. 
The following propositions may be enunciated for spherical triangles 
in the terms used for plane triangles, and may be proved in nearly 
the same words. Euclid i. Props. 4. 8. 24. 25. 26. &c. 
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27. To recapitulate the more important of the properties of 
Spherical Triangles which have been proved in this Chapter. 



Art. 14. 
14. 
20. 

24. 



25. Cor. 

20. 

21. 

20. Cor. 3. 

20. Cor. 3. 

20. Cor. 4. 



1. A side must be less than a semicircle. 

2. An angle must be less than two right angles. 

3. Any two sides are together greater than the 

third. 

4. The greater side is opposite to the greater 

angle; and conversely. 

5. A-B and a — b are of the same sign. 

6. a+6 + c<2w. 

7. A + B + C>ir, and <3w. 

8. fl + 6<2w, a — b<'ir, 

9. A + B<:2ir, A-B<ir. 

10. A + B-C<ir. 



CHAPTER II. 



FORMULA CONNECTING THE SIDES AND ANGLES OF 
A SPHERICAL TRIANGLE. 




28. The Sines of the Sides of a Spherical Triangle are as 
the Sines of the Angles to which they are respectively opposite. 

Let ABC be the triangle^ O the centre 
of the sphere. From D, any point in OA, 
draw DG perpendicular to the plane BOC, 
and from G draw GE and GF perpendicular 
to OJ? and OC. Join DJB, DJP. 

•, 

Then a line through G parallel to OB 
would be perpendicuhr to DG and GE, 
and .*. to the plane DGE: wherefore^ Euc. 
XI. 8, OE is perpendicular to the plane DEG, and .-. to DE and EG ; 
and .-. jlBEG^jlB. 

Similarly, z DFG = z C. 

Now DE . sin DEG = DG = DF. sin DFG ; 

.-. OD . sin AOB . sin DEG = OD . sin AOC . sin DFG ; 
.*. Sin AB . sin B = sin AC . sin C ; 

SinB _ sinC 
•'• Sin^C ~ sm AB' 

Similarly it may be proved that 

Sin B Sin A 



Sin AC " Sin BC ' 

Wherefore 

Sin A sin B sin C ,. ^ 

00 



SinJ3C " sin.4C sin^J5 
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29. To express the Cosine of an Angle of a Triangle in 
terms of the Cosines and Sines of the Sides. ^ 

From any point D in OA draw DE and DF, 
in the planes AOB and AOC, at right angles to q 
AO, Therefore z EDF is the inclination of those 
planes to each other^ that is^ the angle A, Join 
EF. Then, from the triangles FOE and FDE, 

OrWE'-Q OF. OE. cos F0E=FE'=^Fiy+DE'-^2FD . DE . cosFDE; 

.-. ^OF.OE. cos FOE 

= (01^" FIT) + (OE'-DE') + 2FD . DE . cosFDE 

= 2 0D» + 2 ,FD.DE. cos FDE; 

,. CosFOE^^.-^^^.-^.cosFDE; 

or, Cosa = cos b . cos c + sin 6 . sin c . cos A (ii.) 

_„ * r^ ^ cosa ■- cos 6 . cos c 

Whence, Cos A = ; — j — ; . 

sin 6 . sin c 

Cor. By writing ir-a for A, &c. (19)> 

Cos A + cos B . cos C = sin 5 . sin C . cos a (iii.) 

cos A + cos B , cos C 



Whence, Cosa = 



sin JS . sin C 



SO. To shew that 

Cos a . sin 5 = sin a . cos h . cos C + sin e . cos A, 

Since by formula (ii), 

Cos c — cos a . cos 6 + sin a . sin h . cos C, 
.*. Cos a = cos h . cos c + sin 5 . sin c . cos A, 

= cos h . (cos a . cos 6 + sin a . sin 6 . cos C) + sin 6 . sin c . cos^^, 
.". cosa . (l - cos^fi) = sin 6 . {sina . cos6 . cos C + sine . cos -4} ; 
.*. Cosa . sin6 = sina . cos6 . cos C + sine . cosi^. (iv.) 
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Cor. ] . By (iv), Cos a . sin 6 = sin a . cos h . cos C + sin r . cos A, 

cos a . , , ^ sin c . 

,\ —, — , sino- cos o . cos C + —, — . cos A 
an a sin a 

, ^ sinC . 

= cos o . cos C + -; — 7 . cos A ; 

.*. Ccta . sin6 = cos6 . cos C + sin C . cot ^ (v.) 

Cor. 2. By writing ir - a for ^, &c., (19)^ the formula (iv.) be- 
comes^ 

Sin C.cosa=:co8i4.sinB + sini4 .cosJ9 . cose (vi.) 

31. Gauss' Theorem. 

If, p = cos ^ c . sin i (i4 + B), P = cos ^ C . cos i{a- h), 

q = cos i c . cos i (-^4 + jB), Q = sin ^ C . cos i (a + ft), 

r = sin ^c . sin ^ (^ - B), /2 = cos | C sin |(a - ft), 

« = sin ^ c . cos ^{A — E), S = sin ^ C sin J (« + ft), 

then the products pxq, pxr, pxs, qxr, qxs, rxs are respect- 
ively equal to the products PxQ, PxR, PxS, QxR, QxS, 
R X S. 

^ sin 5 , sin ft 

I. 1 + -. — 7 = 1 + -, — ; 

sm A 8ina 

.'. sina . (sin^ + sin 1^ = sin A , (sina + sin ft); 

.-. Sin c . (sin i4 + sin JB) = sin C . (sin a + sin ft) ( j). 

Similarly, from 1 ; — ^ = 1 - -: — , there would be ffot 

•" smA sma ° 

Sin c . (sin -4 - sin J5) = sinC. (sina-sinft) (2). 

II. By (iv.). Sin c . cos A = cos a . sin ft - sin a . cos ft . cos C 

So also sin c . cos J? = cos ft . sin a - sinft . cosa . cos C ; 

.-. Sinc.(cosB + cos^) = (sin a . cos ft + cos a. sin ft) . (I -cos C) 

= sin (a + ft) . (1 - cos C) (3). 

Similarly, Sin c . (cos J? - cos ^) = sin (a - ft) . (l + cos C) (4). 
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III. By writing w - C, &c. for c, &c. (19), and transposin, 
terms of (3), and (4), 

(1 + cos c) . sin (A + B) = sinC . (cos b + cos a) 

(1 - cose) . sin {A- B) = sin C . (cos b - cosa) 



' And expressing these six forms in terms of the sines and co 
of i C, ^c, 4 (-4 «*= B), i (a * b), they respectively become^ 

Siii^c.cos^c.sin^(y|+B).co8^(^-B) = 8iIl^C.cos^C.8in^(a+6).cos^(a• 
Sin ^o.cos^c. sin ^ (y|-£) .cos^ (^+£) = tin ^ C.cos ^C.sin ^ (a-6).co8 ^ (a- 

Sin^o.co8^c.co8^(i4+B).cos^(^-B) = 8iIl^C.8iIl^C.8in^(a+6).co8^(a• 
Sin^o.cos^tf.8in ^(^+B).8in^(y|-£) = c08^C.C08|C.8in^(a-6).C08^(a- 

Cos^c.cos^c. 8in ^ (^+B) .co8^ (^+^) a sin ^C.cos ^ C.cos^ (a+6) .cos ^ (a- 
Sin^c.8in^c,8m^(y|-B).co8^(i4-B) =8in^C.co8 JC.8m^(a+*).8in ^(a- 

which six equations are^ 

{pxs = PxS\ (qxs=QxS\ [pxq = P X 

qxr^QxR] {pxr^PxR} \r x s = R x 



32. The quantities p, q, r, s are respectively equal tc 
Q, E, S. 

Since pq . pr = PQ . PR ; 

.-. p'.qr = P'.QR; 
.-. p' = P*. 

Similarly, ^' = 0", t^ = R', s'^S'; 
r. p = A:P, q = A:Q, r^^R, s = ^.S. 

Now in a spherical triangle, (27), 

^{A + B) and ^ (a + b), are each less than w ; 

and ^{A-B) and i (a - 6), are each less than ^ tt, and 
of the same sign ; 

and ^ C and ^ c are each less than ^ ir ; 

.'. p, r, s, P, R, S are all positive quantities. 
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Also since pq = PQ, and p = + P, .•. ^ = + Q; 

/. p = + P, or Cos^c.8ini(i4 + J5) = cos^ C.cosi(a-6) (vii.) 

g = + Q, Cos^c.co8^(/4 + 5) = sin4 C. cos ^ (a + &)... (viii.) 

r= + -R, Sin^c.sin^(J-J5) = cos^ C. sin ^ (a -6) (ix.) 

J = + i^. Sin ^ c . cos ^ (^ - J5) = sin ^ C sin ^ (a + 6) (x.) 

These formulae are practically of great use in the investigations 
of Plane Astronomy. 

CoR. From (viii.) it appears that Cos ^(A + B) and Cos ^(a-hb) 
are of the same sign, and therefore ^(A + B) and ^(a + h) are both 
greater or both less than ^ tt. 

Def. When two angles are both greater or both less than a right 
angle, they are said to be of the same, or of like affection. 

Thus ^(A + B) and i(a + b) are of like affection ; a property 
of spherical triangles wnich may be added to those enumerated 
in (27). 

33. Since 

E = ^.. ...T.nUA.By.^l^').coHC (xi.) 

I = |; ...Tani(^-fi) = Jji|^Jj.cotiC (xii.) 

S S m 1 / F\ C08X(A — B) ^ , / ••• \ 

Q=q' .-. TanH«-6) = ^4^5-tanic (x.u.) 

? = ^' .-. Tan i (a - 6) = J^M^.tan^c (xiv.) 

These four equations are called Napier's Analogies, and are of 
great use in the solution of triangles*. 



• The quantities p, q, r, s, P, Q, R, S, will be most easily remembered from 
Napier^s first and second Analogies written thus, 

p _ sin ^ (^ + -0) • cos ^ _ cos ^ (a - 6) . cos ^ C _ P 
q " coi^(A + B),cos^c ~ co8^(a + 6).8in^C Q 

•^ cos ^ (^ - J3) . sin ^c sin ^ (a + b) .sin ^ C ^' 

B 
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34. The following expressions can be proved, without much 
difficulty, from the formulse of (32) ; they may, however, be proved 
independently of Gauss' Theorem from (i), (ii), (iii). 

To find the valvss of Cos i A, Sin \ A, Tan ^ A, and 
Sin A, in terms of a, b, c. 

By (ii). Sin 6 . sin c . cos A = cos a — cos b . cos c ; 

/. sin 6 . sin c . (1 + cos A) = cos a — (cos b . cos c — sin 6 . sin c) ; 

,\ sin b . sin c . 2 cos' ^A = cos a - cos (b + c) 

= 2 sin ^ (a + 6 + c) . sin ^ (6 + c - a). 

And if 5 = i (a + 6 + c), 5 - a = ^ (a + 6 + c) - a = ^ (& + c - a), 



g J . sin aS* . sin (S — a) 

.*. cos TJ A — ; J ; Z 

^ sm 6 . sin c 

... Cosi^ = /sin g -sin (5 -g) 

^ V sm o . sm c ^ ^ 

A • ^ • 2 1 ># , ># , cos a — cos 6 . cos c 
Aeam, 2 sm* iA = l- cos ^ = 1 ; — -, — . ; 

sm 6 . sm c 

Whence, Sin ^ ^ = ^ /8in(S-6)^ (5-c) 

V sm 6 . sin c ^ ^ 

Also, Tan^^ = f-^ = . / : ^ . /o — ^ (xvii.) 

^ cosA^ V sin aV . sin (iiS - fl) ^ ' 



2 



And Sin ^ = 2 sin ^ ^ . cos \ A 



sm 



2 
T — I — x/{sin -S' . sin {S - a) , sin (-S - 6) . sin {S - c)}. . (xviii.) 
o • sm c 



The positive signs of the square roots are taken in these cases, 
because ^^ is necessarily less than ^ir. 
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35. To find the values of Cos ^ a, Sin ^ a, Tan ^ a, and 
Sina, in terms of A, B, C. 

T» ,...x r^ cos A + cos B , cos C 

By (m), Cos a = »„ r - r » 

sin JD . sin C 

, , , cos A + cos B . cos C + sin J5 . sin C 
.'. 2 cos'ia = 1 + cosfl = ; — fi — ;— >, 

* sin J^ . sm C 

^ cosA -\-co9{B -C) 2 cos i(A + C-B). cos i {A + B-C) 
sin ^ . sin C sinB . sin C 

^nd if S'=i(A + B + C), then 5'- J5 = i (^ + C-B), &c.; 

, /cos(.y-B).cos(y-C) 

* V sm iS . sm C ^ ^ 

y^ . ^ . « 1 ^ , cos ^ + cos B . cos C 

A.gam, 2 sm" i a = 1 - cos fl = 1 - -^^ - —^ . 

sin £} . sm C 

_ cos A + cos (B + C) 
sin jB . sin C ' 

. /- cos aS" . cos (5' - ^) . 

Whence, Sm ia = ^ / ^.— ^ — r -^ — (xx.) 

^ -V sin £• . sm C ^ 

Ai rp , sin^a / -cos 5'. cos (.9'-^) , .^ 

Also, Tan ia = — y- = . / 7-^7 — ?jv — ^^-70/— ^x (xxi.) 

* cos^a V cos (*>' - jej) . cos (iV - C) ' 

And Sin a = 2 sin ^ a . cos ^ a 

= . j^^ . ^ J{ - cos 5'. cos (5'- .4) . cos {S'- B) . cos (5'- C)} (xxii.) 
sin &} • sm \^ 



Note. Since the angles of a spherical triangle are together 
greater than two right angles and less than six, S' is greater 
than one right angle and less than three, and its cosine is there- 
fore a negative quantity. Also since (27) A + B -C <ir, there- 
fore cos ^{A + B- C), or cos {S'- C), is a positive quantity; and 
in like manner cos (S^- B) and cos (S^ — A) are positive. Where- 
fore the last three formulae are not imaginary quantities, as at 
first sight they appear to be, but real quantities, as they ought 
to be. 

B— 2 
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36. To prove Napier's Analogies from the formvlce (i)^ 
(ii), fiii). 

By (lii), Cos il + cos ^ . cos C = cosa . sin ^ . sin C. 
So^ Cos B + cos A . cos C = cos6 . sin ^ . sin C 

By addition^ 

(cosil + cos-B).(l +cosC) = (cos a. sin -B + cos 6 .sin^) . sinC; 
/. (cosil + cos J?) . 2 cos* \ C 

= (cos a . sin if . -. — + cos 6 . sin il) . 2 sin ^ C. cos i C ; 

/. COS A + cos B = — ; — . (cos a . sin 6 + cos 6 . sin a) . tan i C 

sma ^ / X 

= — : — . sin (fl + 6) . tan i C. 
sin a ^ ^ * 

Airain. Sin A + smB = sinA . ( 1 + - — ^ ) =■ sin -4 . ( 1 + , J 

sin if , . . .v 

= — — . (sina + sm 6) ; 

sm a ^ ^ 

sin if + sin J3 _ sin a + sin 6 ^ 

cos A + cos B sin (a + 6) ' ^ ' 

2 . sin |(if + J g ) . cos ^{A-B ) _ 2 . sin ^ (a + fe) .cos^ (a - b ) ^ 

27cm f(A + B) . cos I {A - B) " 2 . sin ^ (a + b). cos ^(a + b)'^^^^ ' 

/. Tmi{A + B) = ^^—2.cot^C (a). 

' ^ ^ cos ^ (fl + 6) ^ ^ ^ 

, -.- Sin if - sin J5 sin a — sin 6 ^ , ^ 

In bke manner, ^ — ^ „ = —, — 7 7^ • cot i C ; 

Cos if + cos J5 sin (a + b) ' 

Whence, Tani(if - J5) = ^JSii^Ll^) cotAC (/3). 

*^ ^ sin^(a + 6) ^ ^^ 
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By writing w - A for a, &c, (19), the two formulae (a) and 
(^) become 

Tani(« + 6) = S|-{^;-g.t«.ic (.). 

'^-^(''-^) = iS|{^3-^*'' (^)- 



These last two analogies may be easily proved independently 
by beginning with the formula 

Cosa = cos b . cos c + sin 5 . sin c . cos A, 



CHAPTER III. 

ON THE SOLUTION OF BIGHT-ANGLED TRIANGLES. 



37. Right-angled triangles may in all cases^ (with an ex- 
ception which will be pointed out. Art. 40,), be solved by means 
of the following formulae, when, besides the right angle, two other 
quantities are given out of the three sides and the two remaining 
angles. 

If A, B, C he the angles of a spherical triangle, and a, b, c 
the sides respectively opposite to them, it has been proved that 

(ii.) Cos c = cos a . cos 6 + sin a . sin 6 . cos C (1) 

(iii.) Cos c . sin i4 . sin J5 = cos C + cos A , cos B (2) 

Cosa. sin^. sinC = cosi4 + cos J3.cosC (3) 

(i.) Sin a . sin C = sin c . sin .^ (4) 

(v.) Cot a . sin 6 = cos b . cos C + sin C . cot A (5) 

Cote .sina = cosa . cos -B + sin J5 . cot C (6) 

By making 0=90*, there will be obtained. 

From (1), Cos c = cos a . cos 6. 

(2), Cos c = cotA. cot J5. 

(3), Cos^ = cos a . sin B. 
CosB = cos b , sin A. 

(4), Sin a = sin c . sin A, 
Sin 6 = sin c . sin B. 

(5), Sin b = tana . cot^. 
Sin a = tan b . cot J5. 

(6), Cos J5= cot c . tan a, 
CosA= cote . tan b. 



V 
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38. Napibr's Rules. The formulae of the last Article are 
comprised under two Rules^ which take their name from Napier^ 
yfho first gave them. 

The right angle being left out of consideration, the two sides 
which include the right angle, and the complements of the hypothe- 
^use and of the other angles, are called the Circular Farts of 
the triangle. Any one of these being fixed upon as the middle 
fart (M), the two circular parts next to it and immediately 
joining it are caDed the adjacent parts (A^, Aa), and the other 
two parts are called the opposite parts, (Oi, O9). 

Thus in the triangle ABC whose right angle is C ; 



* 

UMhe 


The adjacent Parti are 


The oppcwite Parts are 


a, (one of the sides including the right angle). 
■^v-Ay (^e complement of an angle). 
^ir-c, (the complement of the hyx>othenu8e). 


^ir-B, b, 
b, ^tr-c, 
^ir—A, ^ir—B. 


^ir-B, a. 



And Napier's Rules are, 
Sin M =product of the Tangents of the Adjacent parts = tan Ai . tan As, 
Sin M ^product of the Cosines of the Opposite parts = cos Oi . cos 0,, 

with which the formulae of the last Article will, on trial, be found 
to agree. 



39. To shew that in a triangle ABO in which G is a right 
angle, A and a are of the same affection, as are also B and b. 



Sin b = tan {^tr — A), tan a = cot A . tan a = 



tan a 

tan A ' 



Now since b is less than tt, sin b is positive ; therefore tan a and 
tan A must be of the same sign. And because tt is the limit both 
of a and of A, these angles must be both greater or both less than 
a right angle; that is, A and a must be of the same affection. 

Similarly, from Sin a = ^ it appears that B and h are of 

the same affection. 
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40. If^ in a right-angled triangle^ an Angle and the Bide 

r>09ite to it he the tmly qu>antities given^ the triangle cannot 
determined. 

For if the circles AB and AC in- 
tersect again in A\ and C be a right a. 
angle^ it is evident that ACB and 
A'CB have the angles A, A' equals 
and CB, the side opposite to these ansles^ is the same in both 
triangles. It is therefore ambiguous whether ABC or A'BC be 
the triangle sought. 

This ambiguity will also be found to exists if it be attempted 
to determine the triangle by Napier's rules. For it cannot be 
determined from the equation 

Sin^C = tanCB.tan(i7r-.4) 

whether the angle ^C is to be taken^ or its supplement A'C, 

41. The solutions of the other cases of a right-angled 
triangle from two given parts are not ambiguous, if attention 
be paid to these two principles, 

(1) The greater side is opposite to the greater angle. 

(2) An angle and the side opposite to it are of the same 
affection. 

[For example : Let c and A be given, to find a, B, b. 

Now Sin a = cos ( A IT — ^) . cos ( ^ir - c) = sin ^ . sine ; 

and since a and ^ are of the same affection (39), the greater or lesser angle which 
satisfies this equation is to be taken for a, according as ^ is greater or less than ^ nr. 

Again, Sin(^'r — r), or cos c, :=: cot ^ . cot B ; 
.*. Tan B = cot ^ . sec c. 

And B \%< 90^, or > 9(^, according as the second member of the equation is 
positive or negative; that is, as A and c are of like or Hinlike affection. 

Again, Sin(|ir — c), or cose, = cos a. cos 6; 
.'. Cos b — cos c . sec a. 

And 6 is < 90^, or > 90°, according as the second member of the equation is 
positive or negative ; that is, as a and c are of like or unlike affection.] 
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42. In selecting a formula^ attention must be paid to the prin- 
ciples laid down in Appendix ii. to PI. Trig. The following formulas 
may be used with advantage^ when the side or angle required is 
small^ or nearly equal to one right angle^ or to two. 

Bj Napier*8 rules, Cos c = cot ^ . cot B, whence c cannot be accurately deter- 
mined, if it be either a very small angle or nearly equal to two right angles. 

XT o • a 1 1 1 * ^ ^ _- , cos ^ . cos J? 

Now 2 sm* 4 c = 1 - cos c = I — cot ^ . cot 5 = 1 — . --.- . -^ ; 
* sin ^ . sin B 

g. 1 /-co8(A + B) ^ 

So, Cos^c = x/^(l + co8c) = V ^g'^7j^"^.f^ .« 

In like manner there is obtained from Cosa = 4 — -, 

8\nB 

{ Co3 I a - \/ ''° U(^ - ^) + i"^ } -^^oM i(^ + -^) - i^ } . 
* ^ sin J? ' 

Sin 1 « = /sm{i(B + A)-\ ir } .cos {i (B - A) + j tt^} 
^ 2 ^ sin 5 

So from Cos ^ = cot c . tan 6, 

Sini^:=^/A(l-cotc.tan6) = x/ /°^^'^\ , 
^ * ^2smc.coso 

Cos A ^ = x/i(l+cot(?.tan6) =: \/ ". ^ "*" \ . 
2 2 ^ 2 sm c . cos 6 

When c and A are given, if a be nearly a right angle, it cannot be accurately 
determined from its sine. In this case Cot B = cos c . tan A determines B, and 
a may be found from the formula for Sin ^ a, or from that for Cos ^ a. (35). 



• Since (21), A + B + C>'n; .*. ifC = ^'jr, A + B>lir, 

and since (20. Cor. 4), A + B — C<'jr, .* A + Bk^'jt; 

Wherefore, Cos (A + B) is necessarily a negative quantity here. 

Also since (20. Cor. 4), A + C -B <7r, .\ A- B <^ir^ and cos (^ - 5) 
is positive. 
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43. Def. a triangle is called QuLodrantal^ if any one of it — 
sides be a quadrant. 

A quadrantal triangle ABC, of which the side c is ^ 
quadrant^ may he solved hy Napier's JRules, if the quadrantcmt 
side be neglected^ and i^r-a, ^Tr-b, A, B, O-^tt, be take-n 
for ^^the circular parts,'''* (38). 

Let A'B'C be the polar triangle. It may be solved by Napier ""^ 
llules^ because C (= tt - c = ^ w) is a right angle ; 

cos c' = cot A', cot B', or = cos a' . cos h\ 

sin a' = tan h' . cot B', or = sin A\ sin c', 

. cos A' = tan h' , cot c\ or = cos a! . sin B\ 

Substituting ir — A, w -a, &c. for A\ a\ &c. these equations 
become^ 

— cos C= cot a . cot b, or = cos A . cos B, 
sin A = tan B . cot b, or = sin a . sin C, 

— cos a = tan B . cot C, or = — cos A . sin 6 ; 

which may be represented thus^ 

Sin(C-^7r) = tan(^7r-a).tan(^7r-6), or =cos-4.cos5. 

Sin J = tan 5 . tan ( J TT - fi), or =cos(^7r-a).cos(C-^7r), 
Sin {^fr-a) =tanB . tan (C - ^ tt), or = cos A . cos (^fr- b); 

which was to be proved. 



A Collection of Examples for practice is added at the end of this 
Treatise. 



CHAPTER IV. 

ON THE SOLUTION OF OBLIQUE-i^NGLED TRIANGLES. 



44. Let the three Sides he given, (a, b, c). 

The Angles may be determined from one of the formulae (xv.), 
C^vL), (xvii.), (xviii.). 

45. Let the three Angles he given. (A, B, C). 

The Sides may be determined from one of the formulae (xix.), 
^xx.), (xxi.), (xxii.). 

46. Let tuoo Sides and the included Angle be given, (a, 0, b). 
By Napier's first and second Analogies^ (xi.) and (xii.), 

Tani(^ + 5)=^!?^iif^.cot4C, 

* ^ ^ cos ^ (a + 6) * 

* ' sm ^ (a + ^) * 
\{A + B), and ^{A-E), are determined; 

.'. { > are known. 

\B = ^{A + B)-}i{A-B),\ 

And A and B being known^ c is found from 

/>•* • sin o ^ 

Sm c = sm fl . - — J . * 

sin^ 



* The easiest practical method of solving this case is hy letting fall a 
perpendicular on ^C from B, cutting it in Z), and so dividing the triangle into 
two right-angled triangles. 

Then Tan CD = cos C. tan a, which gives CD. 
And .'. ADy = 6 — CD^ is known. 

Also Cos c = cos AD . cos DB = cos AD . 



cos CD • 
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47. To determine c independently of A and B, by foffns 
adapted to logarithmic computation. 

Cos c = cos a . cos 6 + sin <? . sin 6 . cos C 
= cos 6 . (cos a + sin a . tan h . cos C). 

Let 6 be an angle such that Tan ^ = tan 6 .cosC (1). 

Then Cose = cos b . (cos a + sin a . ;; ) 

\ cos dj 

= ??«*. cos (a -fl) (2). 

COST ^ 

From (1), L tan 6 = L tan 6 + L cos C - 10 ; which gives d, 

(2), L cos = L cos h -¥ L cos (a-0) — L cos 6 ; which gives 

48. 2/^ two Angles ami the included Side be given. (A, c, B) 
From Napier's third and fourth Analogies^ (xiii.) and (xiv.), 

i(a + b) and ^(a-b) are determined ; 






are known. 



And a and b being known, C is found from 

o* /-» . . sine 
Sm C = sm -4 . -= — . 

sin a 

49. To jmd C independently of a awrf b, 6y forrn^ adapted 
to logarithmic computation. 

Cos C = cos c . sin -4 . sin J5 — cos A . cos -B ; 

/. 2 cos* ^C-l=(l-2 sin" ^ c) . sin J . sin B — cos A . cos 5 

= - cos {A + B)- 2 sin* ic.sinA . sin -B; 
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.". 2 cos* ^C=l-'Cos{A-¥B)-2 sin' ^c , sin A . sin B ; 
.-. cos'i C = sin'^{A + -B) - sin'^c . sin A . sinB, 

Now Sin' ^ c . sin J . sin ^ is necessarily positive, and less than 
unity; wherefore there is an angle 6 such that 

Sin'^ = sin' ^c. sin J . sin5 (1); 

.-. Cos' i C = sin4 ( J + 5) - sin'a 

== sin{i(A + E) + 0}.sin{^{A + B)-d]. PL Trig. Art. 54.. ..(2). 

Tom (1), L sin 6 = ^ (L sin i4 + L sin 5) -i- L sin ^ c - 10 ; which 

gives 0. 

rom (2), Lcos^C=^lLsin{^(A + Byd}-\-Lsin{i(A+B)-e)y, 

which gives C. 



50. Let two Angles and a Side opposite to one of them be 
iven. (A, B, a). 

c,. , . sin J5 
Sm 6 = sm a . -: — . . 

sin^ 

From (xi.), Tani C = ^(^^) . cot A(^ + B). 

^ ^ * cos ^ (fl + o) * ^ ^ 

From (xiii.). Tan A c = ;-i-i ~ , tan i(a + b), 

^ ' * cos ^ (^ - 5) * ^ ' 

JixA b having been determined from the first of these equations, 
C and c may be found from the others. 



51. To determine G and c independently of b, by forms 
adapted to hgarithnic computation, 

Cos A = cos a . sin £ . sin C — cos B . cos C 

3= cos B . (cos a . tan 5 . sin C - cos C). 
Let be an angle such that Cot Q = cos a . tan B (1); 
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.*. Cos A = cos B . I -. — ;: . sin C — cos C] 

\sm / 



= --;— 5- . sin (C - 6) (2). 

From (1), L cot ^ = L cos a + L tan J5 - 10 ; which gives 6. 

(2), L sin (C - 6) = L cos A + L sinO - L cos B ; which- 
gives C - 6, and thence C. 

Again, from (v.), Cot a . sin c = cos c . cos B + smB . cot A ; 
/. Sin B . cot A — cot a . sin c — cos c . cos B 

= cot a . (sin c — cos 5 . tan a . cos c), 
whence, if ^ be such that Tan = cos J5 . tan a, (l), 

there is got, Sin^.cot-^ = . sin(c-0) (2). 

From (1), L tan <p = LcosB + L tan a - 10; which gives <p. 

(2), L sin (c - 0) = L sin 5 + L cot ^ + L cos ^ - L cot a - 10 ; 
which gives c- <p, and thence c, 

f The method used in solving Art. 49 might have been employed 
here.] 

52. Let two Sides and an Angle opposite to one of them he 
given, (a, b, A). 

Sm B = smA. —, — , 

sma 

And B having been determined from the first equation, C and c 
are found from the other two equations. 
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53. To determine C cmd c independemtly of B, hy forms 
adapted to logarithmic computation. 

From (v.) Cot a . sin 6 = cos h . cos C + sin C. cot A 

, . ^ cotA , ^^ 

= cos 6 . (cos C + 7 . sin C ) : 

^ cos 6 ^ 

Whence, if 6 be such that Cot0= -^ (1), 

cos 6 ^ ' 

there is got. Sin (C + 0) = cotcr . tan& . sin0 (2); 

from which two equations S and C can be found. 

Again, Cos a = cos b . cos c + sin fi . sin c . cos A 

= cos 6 . (cos A . tan 6 . sin c + cos c) ; 

Whence, if ^ be such that Cot <^ = cos i4 . tan 6 (1), 

. . ^ a* / ^\ cos a. sin , ^ 

there is got, Sin(c + (/>)= — ^^^^ (2), 

and from these two equations (p and c can be found. 



54. In (50) the triangle has been apparently solved when two 
angles and a side opposite to one of them are given ; and in (52) the 
triangle has been apparently solved from two sides and the angle 
opposite to one of them. 

It is, however, doubtful in some cases, in determining one of the 

quantities A, B. a, h from the equation —. — ^ = -: — - when the other 
^ ^ sm J3 sin h 

three are given, whether the angle to be taken should be less than 
^TT or greater than it. The ambiguous cases will now be dis- 
tinguished from those which are not so. 

(l) Given A, B, b, to determine in what cases a may be 
fomd from the equation^ 

Sin a _ sin A 
Sin b sin B * 
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I. Let A-\- B he greater than two right angles, or tt. 

Then since, (32, Cor.), ^ (a + 6) and ^ (A + B) are o£ like 
afTection, 

.'. a + b IS > IT. 

If therefore b he < ^ w, a must be > ^ w. In this case, 
therefore, a may be determined, and the triangle may be solved. 

But if 6 be > ^ TT, the condition a + b^-w affords no means of 
determining whether a be > or < ^ tt. 

II. If A + B he < TT, then a + b is < ir ; and a is therefore 
< ^ TT if 6 be > ^ V, but cannot be determined if 6 be < ^ w. 

III. If A + B = w; then. Art. 32, (viii.), a + 6 = w, and there — 
fore a = ir — b. 

Whence it appears that, (A, B, b being given), 

(1), when A-\- B>ir, and 6 < ^ tt ; then a is greater than ^ ir^ 

(2), A + B <'ir, and 6 > ^ tt ; then a is less than ^ tt, 

(3), J-fB = 7r; then a = tt - 6 ; 

and in no other case can a be found, and the triangle determined, 
from these data. 

(2) Given two Sides^ and an Angle opposite to one of 
them^ to determine when the remaining parts of the triangle 
may be determined, (a, b, B). 

> > > 

If a + 6 = TT ; then, as before, A-\-B — ir, and .*. A =7r — B. 
< < < 

Whence it is collected, as in the last proposition, that 

(1), when a + b> w, and B <^ir ; then A is greater than ^ tt, 

(2), a + b<ir, and B> ^w; then A is less than ^n, 

(3), a + b^ir; thenA = 'ir-B; 

and in no other case can A be determined. 
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55. By letting fall a perpendicular from any angle upon 
^e side opposite^ an oblique-angled triangle may be divided 
into two right-angled triangles^ which may^ in most cases^ be 
wived by Napier's Rules with more facility than by the methods 
juat given. The very same ambiguities^ however, will arise (40) 
^hen this construction is used for the determination of the 
triangle as have been pointed out in (54). 

56. Pbob. To find the radius of the small circle described 
^^ioffi a gi'oen triable in terms of the Angles of the triangle. 



Let ABC be the triangle; bisect CA and 
^-S in D and E, and draw at right angles to 
f^ C and to CB the arcs DP and EP intersect- 
»ri^ in P. Join PA, PB, and PC. 

Then, from the right-angled triangles PCD 
^»^d PAD, 



Cos PC = cos PD. cos DC = cos PD. cos DA = cos PA; 

.'. PA^PC. Similarly, PB=PC. 

Therefore P is the pole of the circumscribing circle. 

Now Cos PBE ^ cot PB .tsLuBE = cot PB .taxi i a, 

.'. Cot PA, = cot PB, ^cosPBE.cot^a; 

^nd since PAC, PBC, PBA are isosceles triangles, 

.-. 2zP^C + 2z PBE + 2Z PAB = A + B+C = 9.S'; 
.-. aPBE = S'-{iPAC+aPAB) = S'-A. 

Ai u ^ •^ p*i /cos(S^-5).cos(A^'-C) 

Also, by (XXI.), Cot^a = J -cosS\cos(s'^A) -' 




.-. Cot PA 



-J 



cos{S'-A) . cos {S'^B) ^cos {S^^ 

-cosS' 



57. Prob. To determine the radius of the circvmscrihing 
circle in terms of the Sides of the triangle. 

As in (56), Cot PA = cot ^a . cos PBE; 
C 
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And as before, 

Cos PBE = cos (5' -A) = co!i\{{B + C)-A\ 

= cos J (B + C) . cos J ^ + sin J (B + C) . sin i y< 

= ""^^^-f^^^ . {cos i (6 + + cos 4 (6 - c)}, by (viii.) and (vii.). 



. cos \ b . cos ^ 




" V{3in S ■ sin {S-a). sin (5 - 6) . sin (S - c)} ' "^^ ^"""'^ 



68. Pbob. To ^W the radius of the circle inscribed i 
given triamgle in terms of the Sides of the triangle. 

Let ABC be the triangle ; bisect ; A and ^ C by 
-iP and CP, arcs of great circles meeting in P ; and 
from P draw the arcs FD, PE, PF perpendicular to 
the sides. 

Then it may be proved that PE = PD = PF; 
and therefore P is the pole of the inscribed circle. 
Also, it may be shewn that CE=S-(AF+FB)=S-c, 
and thence that, 

Tan PE = sin CE . tan PCE = sin (S - c) . tan i C 




's/" 



i(S-a).Bm{S-b).iiio{S-c) 

sin S 



59. Pkob. To determvns the raMus of the inscribed circle 
in terme of the Angles of the triangle. 

As in (58), Tan PE = sin C£ . tan ^ C, 

and Sin CE = sin {S~c) = sin \ {{a + b)-c) 

= sin4(a + 6).cosio-cosi(a+i).sin4c; 
Whence, by means of Gauss' Thborbu, it may be proved that 



CotP£- 



.sl^.cos^B.cosK 



V{-cosS'.cos(5'-^).cos(A-'-B).cos(*'-C:)r 



CHAPTElt V. 



ON THE ARBAH OF SPHERICAL TRIANGLES, A.\» 1 

OF IKIANOLBS WHOSE SIDES ARE SMALL COMPARED 
WITH THE RADIUS OF THK SPHERE. 



60. Def. The portion of the surface of a sphere vhich is 
intercepted between two great semicircles, as ACB and ADB, is 
called a lune. (Fig. Art 6l.) 



61. To find the Area of a Lune. 

If ACBD, ADBE, AEBF be lunes having 
each the same angle at A, it may easily be 
proved that they are all equal, and if the 
angle CAH be repeated any number of times, 
the area ACBDA will be repeated the same 
number of times ; .. I l 

i. e. the Area of a Lune varies as its angle ; \ V 



Areaof lune whose angle is ^° _ A 
Area of the sphere (whose angle issS^) " 360 ' 

And Area of a sphere = ivf*, if r = radius of the sphere ; 

(Hymers' Integral Calculus.) 

.-. Area of the Lune whose angle is A' = --^ . twr* =— ^r: . Sirr*. 

c— 2 
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62. To find the Area of a Spherical Triangle, 

Let ABC be a triangle upon a hemisphere 
ABDE, (14. Cor. 2.); and let AC, EC be 
produced till they meet again in F, which A 
IS on the side of the sphere turned from the 
spectator. 

Then since CDF = a semicircle = ACD, * 

.-. DF = AC; 

Similarly, CB = FE; and z DFE = z ACB ; 
.'. aDEF=aABC in every respect. 

Now 2 = area of a ABC 

= surface of hemisphere - BHDC - A GEC - DCE 

= 2irr« -(lune^JrD-2)-(lune5G£-2)-(lune CDFE-J,) 

= ^^^^0-1^-4-1^0)^^^^ («^) 

.-. 2 = (^+5+C~180*).^, 

.irr«, if E^A + B+C^lSOf'. 



180 



Dbp. The quantity A + B+C-180^, by which the sum of 
the degrees in the angles of the spherical triangle exceeds 180^, 
is called the Spherical Excess of the triangle. 

Cor. 1. Hence for all triangles described on the same sphere, 
J,oc A + B + C—ISO^; and on this account the Spherical Excess 
has been taken as the measure of the surface of a triangle. 

Cor. 2. To find the Area of a Spherical Polygon. Divide the polygon into 
as many triangles as it has sides, by means of arcs of great circles drawn from 
each of the angular points to any point within the polygon. Let n be the number 
of the sides of the polygon. 

Then Area = area of the n triangles = -r— x (angles of the triangles — n . 180^) 



1800 



. { angles of polygon — (n - 2) 180^' } . 
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63. Gagnoli^s Theorem. To shew that if "R be the 
Spherical Excess^ 

then Sin A £ :=. ^^^^" ^ ' ^'^ ('S'- «) » si" ('S'- &) . sin {S - c)\ 
^ 2 cos ^ a . cos ^ b . cos ^ c 

Sin ^^ = sin ^(^ + 5 + C- 180) = sin {^(^ + J?) - I (180«- C)} 

t= sin ^ (^ + ^). sin ^ C - cos ^ (^ + ^) . cos 4 C. 

And by (vii.), Sin A (^ + 5) == ^^^^-V . cos i (a - *), 

cos^c 

(viii.), Cos i (^ + 5) = 7 — . cos ^ (a + 6). 

* cos ^ c 

c- 1 « « 1/ rx 1/ ,v» siniC.cosic sin i a. sin i 6 . _ 

.•• Smi^= {C08;J(o-*)-C0S *(«+ A) } ? . — 2_ = — 2 — i«.BmC 

cos ^ c cos ^ c 

sin*a.flin^6 2 „.«.,« v .•rri\ •/«» \» 

= 2 — ^ — 2_ . . V{sin5'. sin(5'-«).8in(iS'-*).sin(5'-c)} 

cos ^ c sina.sind 

^ Vising', gin (g'-o). sin (.y-6) . gin(5-c) } 
2 cos ^a . cos ^ 6 . cos^c 



64. Llhuillieb^s Theorem. To shew that 

TanJE = ^{tan ^ -S . tan ^ {S-a) . tan ^ (iS- 6) . tan ^ ('^-O}- 
By PI. Trig. (61), 

8ini(^ + ^)-sini(18(K>-C) sin i (^ + J? + C - 180°) 

= ; '• =tBiXiXE\ 

Cosi(^ + 2?)+cosi(1800-C) co8i(^+J? + C-1800) * 

-, 1 -, sini(^+2?)-cosiC cosi(<^-&)-co8ic cosic . 

.-. Tan 4- JE = — 2-2 '- *— = ; r- • — -- by (vu.) and(viiL) 

* cosi(4+B)+»inic co8 4(a+6)+co8^c sin^C ' ' 



_ Bin^(c+o-6).sin:^(c + &-g) / sin 5. sin (5- c) u / •• 
~ co8i(« + 6+c).co8^(o + 6-c) * 8in(5-a).sin(iS'-6)' 



) 



= Vitan ^ i^. tan ^ (i^- a) . tan ^ (i^- 6) . tan ^ (5'- c)\ ; by expressing the sines 
under the root in terms of the sines and cosines of half the angles. 
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65. [There are some other values of E, the Spherical Excess, which are 
spiinetrical functions of the sides of the triangle ; but not being adapted to loga- 
nthmic computation, the demonstrations of them will not be given. The expressions 
will be found among the Examples which are eiven at the end of the book, and may 
be proved without much trouble by Gnuss* rormulse.] 

66. In the following Articles x, i/, z will generally be taken to 
represfent the lengths of the arcs opposite to the angles A, B, C of the 
spherical triangle ABC whose sides are small compared with the 
radius of the sphere on which it is described. Also, the angles 
of the plane triangles whose sides are x, y, z, will be represented by 
A', B', C ; and the angles which are, in practice, observed for the 
angles of the spherical triangle ABC, by A^, B^, Ci, — ^the errors a, ^, 7 
being made at the respective observations ; so that 

A = A, + a, B = B, + ^, C = C, + 7. 



67. The Area of a triangle whose sides are small compared 
with the radius of the sphere being approoAmately kruywn^ re- 
quired the number of seconds in the Spherical Excess of the 
tria/ngle. 

Let the triangle be described on the surface of the Earth, and let 
the Earth be supposed to be a sphere. 

Let r = number of linear feet in the Earth's radius, 

E 
n = square feet in the area of the triangle = -— . vr', (62); 



180 



: n = E.60,60, '^^ 



180. 60. 60' 



length of an arc of 1° 1 m rr. • /^^ r^ ^x 

N°^ ^ radius = 180 •'^- ^^' ^"8- ^^' ^•''- 2)' 

,'. —— = length of 1®, in feet, 
180 ^ 

= 60859*1 X 6 feet, by actual measurement ; 

180 
.-. r = 60859-1 X 6; 



TT 
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180 



760760 (^»^9-' "^ ^y 



F an 00 ]80J6085-91)' . 
= £.60.60. g.j^j^^ , 

« 

.-. 1,0 (£ . 60 . 60) = lio» - (lio 180 + 2 l|o6085-91 - lw3-141592) 

= lion -9-3267736 (1), 

ivhence £ . 60 . 60, the numbeif of seconds in the Spherical Excess, 
may be found. 

[Note. This reanoning being general, it is clear that the number of seconds 
in the Spherical Excess may always be determined from 

if the radius r of the sphere be known, whatever may be its magnitude.] 

68. The number n may be determined approximately in the 
following manner. 

n = area of the spherical triangle in square feet. 

= area (nearly) of the plane triangle whose sides are x, y, s and 
whose angles are the observed angles A^ Bi, C|. 

= iy.s.8in^., or=i*'.j^^|.^». PI Trig. (9 1). 

69. Ex. If the observed angles of the triangle ABC be 
A| = 42°, 2', 32'', B, = 67", 55\ 39", C, = 70°, l', 48", and the side 
opposite to the angle A be 27404*2 Jeet, required the number of 
seconds in the sum of the errors made in observing the angles. 

Here the apparent Spherical Excess is 

A + B+C- 180* = 179", 59', 59" - 180° = - 1". 



* General Roy, in the Trigonometrical Survey of England, approximately 
determined the area of the triangle to a sufficient degree of accuracy, by laying 
down on paper the base and the observed angles at tne base, and measuring the 
perpendicular from the vertex to the base by the compasses on a scale. 
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Now representing the given side by a, 

. sin Bi . sin Ci 
" = '-'^-8in(B, + C,)' 

and ho (£ . 60 . 60) = 1,. h . a' . j^^g;'^"^ } - 9-3267736 

= l.o{i.(27.0.^)^^^^^^^^^^^fg^^ 

Add, 2 X lio27404-2 = 2 x 4-4378172 = 8.8756344 
L sin 67^ 55', 39" = 9*9669434 

Lsin70^ l',48" =9-9730685 

28-8156463 
Subtract, \o^ = .3010300 

Lsinl37^57^27", 
or L sin 42", 2', 33" = 9*8258684 

10- 
9-3267736 

29-4536720 



l-36l9743Jio(-23),nearly; 

and therefore the computed Spherical Excess, (which, for all practical 
purposes, may be supposed to be the real Spherical Excess), is *23". 

Hence it appears that the whole error of observation, viz. real 
Spherical Excess — apparent Spherical Excess, is *23" — (— 1"), or 
l"-23, which the observer must add to the tiiree observed angles 
A^, B^, C|, in such proportions as his judgment may direct. (See 
the next Article.) 

70. To shew how the observed angles of a Spherical Triangle 
whose sides are small compared with the radius of the sphere may he 
freed from the errors of observation. 

Let A, B, C, be the real angles of the triangle, 
Ai, Bi, Cj, the observed angles, 
a, /3, 7, the errors made in observing A, B, C, respectively. 
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So that A + B + C =(A, + a) + {B, + ^) ■\- {C, + y); 

.-. (A + B+C- 180") = (A,+ B, + C,- ISO") + (« + /3 + 7) ; 
... a + fi + y = (A + B+C- 180») -{A, + B, + C,-i 80°) 

= real Spherical Excess — computed Spherical Excess. 

Now if a value of the Spherical Excess which differs very 
slightly from the real value, be found by the method of the last 
Article, this equation will ^ive the sum of the errors of observation 
which have been made: The distribution^ however, of this sum 
(that is, the determining what part of the whole error is to be 
assigned to each angle individually,) must evidently be left to the 
judgment of the observer; who, from knowing the state of the 
atmosphere at the times of observation, may thence form an opinion 
how far his optical observations can be depended on, and may then 
assign to each of the observed angles such a portion of the whole 
error as he thinks will be the most likely to lead to a correct solution 
of the triangle. 

[If a + j3 + y (the sum of the errors of observation) be found by means of (67), 
and thence the several angles A, B, C be determmed by the arbitrary assignment 
of the several parts of this whole error to each of the observed angles Ai, By, Cj, 
the sum of the errors of observation may be supposed to be got rid of. Yet it is 
hl^^hly probable that the judgment of the observer has not been absolutely correct in 
this arbitrary assignment of the parts of the whole error. The following theorem 
will point out what relation the sides of the triangle ought to bear to each other, in 
order that the small quantities by which the corrected angles differ from the real 
angles of the triangle mav have the least possible eifect in producing errors, when the 
other two sides of the tnangle have to be determined from a measured side and the 
corrected angles.] 

71. Having given the Corrected Angles and one Side of a 
Spherical Triangle whose sides are small compared with the radius 
of the sphere^ required the relation which the Sides of the Triangle 
(mghi to hear to each other^ in order that the other sides may he 
determined from these data with the least prohahle ammmt of 
error. 

Let A, B, C be the real angles of the triangle, and x, y, z the 
sides respectively opposite to them; a', fi!, 7', the errors of the 
corrected angles ; therefore A-va\ 5 + /3', C + 7' are the corrected 
angles. 

Then, since the Spherical Excess (and therefore the sum of the 
real angles of the triangle) is supposed to be known exactly, the 
sum of the corrected angles is known exactly, and therefore the sum 
of the separate errors a!, /3', 7' must vanish ; 

... a' + /3' + 7' = 0, or a' = - (/?' + 7'). 

(Throughout this investigation, powers of a', /9', y' of any order above the first 
will be neglected.) 
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Now, considering the spherical triangle to be very nearly a plane 
triangle, 

sin (C + 70 __ sin (C + 7O 

'^"^•sin(^ + «0."'^'8in{^-0S' + 70} 

sin C . cos 7' + cos C . sin 7' 



sin A . cos (^' + 7') - cos i4 . sin {1^' + 7^ 
sin C 1 + 7' . cot C , 

a:.!!!L^. {1 + y. cot q.{l +(/?' + 70.cot^} 
sin -4 * I « V 



= or . ^J — r . {1 + 7' • (cot ^ 4- cot C) + /3' . cot ^} 



sin^ 



sin C 



— • M* • • 



sin A 



{ , sin C sin (i4 + C) ^ cos ^4. sin C) 
* 1 ^ ' sin ^ ' sin^ . sin C sin'^ j * 



And Sin B = sin (tt - 5) = sin {A + C) nearly ; 



/ cin f \ 

Therefore the error in the value of s, (or z-x — — 7 ), 

\ sm AJ 



sin C\ . 
is 



{- sm B r^, cos i4 . sin C ) , ^ 

sin' ^ sm' A ) ^ ^ 



Similarly the error in the value of ^ is 

sin C f cos ^ . sin i? 



{-„ sm C , cos ^ . sm 2^ ) , ^ 

/^. -v-r-i- + 7 • -*^—A — \ (2). 



The question now reduces itself to this, — to determine what are the 
values of y/, B, and C which make hoih the quantities (I) and (2) 
the least possible. 

Since a' + /3' + 7' = 0, two of the quantities a', /3', 7' must be of 
the same sign and one of the contrary sign. Wherefore the ftro- 
bahility is that any particular two, as /3' and 7' are of different signs. 
If then ft' and 7' 6e of different signs, the expressions (i) and (2) are 
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diminished in magnitude by giving Cos^ a positive value*; that is, 
by supposing ^^ to be less than a right angle. 

And if the further supposition be made, that the errors /3' and 7', 
though different in sign, are yet nearly equal in magnitude, it is 
clear that (1) and (2) satisfy this hypothesis if S be nearly 
equal to C. 

The conclusion therefore arrived at is, — that there is the 
greatest probability of a small spherical triangle having been correctly 
solved from three observed angles and a measured side, when the 
angle opposite to the known side is less than a right angle, and 
the other two sides are nearly equal. And these conditions will 
be best fulfilled for a series of triangles, if care be taken that each 
triangle be nearly equilateral. 

72. fit may be as well to recount the gratuitous suppositions made in the 
last Article. 

I. The Spherical Excess has been accurately determined. 

II. The Errors /3' and y' are of different signs. 

III. These Errors are of the same magnitude. 

Now for any particular triangle it is very probable that some of these suppo- 
flitions may not be true. It may happen that none of them may be correct. In very 
few cases mdeed will they all be fulfilled. 

With respect to the Spherical Excess, it may generally be supposed to be 
known accurately. 

With respect to the signs of jS* and y', since two of the quantities a', B', y', are 
of the same, and the third is of the contrary sign, the probabtlity of §>' and y being 
of different signs is twice as ^eat as the probability tnat they are of the same sign. 
And if they be of different si^s, then (\ ) and (2) of (71) shew that the errors will 
not be so great if Cos A be positive, as it it be negative. This consideration renders 
it advisable that each of the angles of the triangle should be less than a right angle ; 
wliich will be the case if the triangle be nearly equilateral. 

^ But if the third hypothesis be admitted, since a vanishes in this case, the angle 
A is supposed (which is highly improbable) to have been determined with mathe- 
matical exactness. Besides, it is very unlikely indeed that an observer after making 
an error + /3' in observing an angle, should make an error - ^', (for y = - fi), in 
observing, with the same mstiumenU an angle C which is nearly of the same mag- 
nitude as ^ ; and again, using still the same instrument, and observing a third angle 
A, nearly equal to J9 or to C, that he should make no error at all.] 



* It is evidently more advantageous in determining a series of triangles from one 
another, that the errors should be inconsiderable ana equally diffused through all, 
than that any one calculated side, by differing much from its real value, should 
affect with considerable errors all the triangles successively determined from it. If 
fi' and y' being of different signs, cos^ become negative, the errors (1) and (2) arc 
increased, and considerable inaccuracies might so be introduced into the calcula- 
tions. 
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73. Legeni)re''s Theorem. If each of the angles of a 
Spherical Triangle whose sides are small when compared with the 
radius of the sphere be diminished hy one third of the Spherical 
Excess^ the triangle unay he soloed as a Plane Triangle^ whose 
sides are equal to the sides of the Spherical Triangle^ amd whose 
angles are these reduced angles. 

Let X, y, z be the lengths of the sides respectively opposite to 
the angles A, B, C of a. small spherical triangle, and A% B', O 
the angles of that plane triangle (A'B'C) whose sides are x, y^ z. 

Then Sin A + sin A^ = -^, . sin -B + - sin B' 

sm 6 y 

X 

= - (sin B -h sin B') nearly ; 
.-. 2sini(^ + ^0-cosi(^-J0=--2sini(5 + 50-cosi(5-50; 

.-. COS ^(A-A') = --. ^.^-^, . cos ^ (5 - B% nearly ; 

/. cosi{A- A") = COS i(B - B"), or A-A'=B-B\ 

Similarly A-A'=C^C, 

Now E = A + B+C- 180", 
and = J' + 5' + C - 180°; 

.r. E = {A-A') + (B-B') + {C- C) 

= 3(^-^0; 

.-. J £ = ^ - A', 

or = 5 - B', 

or = C - C. 



Hence if BC, (x), be measured, and one third of the com- 
puted Spherical Excess be subtracted from each of the observed 
angles of the triangle A, B, C, the other two sides {y and z) of 
that triangle can be determined by solving the plane triangle 
A' B' C whose angles are A- hE, B-\E^ C-^E, and whose 
sides are x, y, z, of which the first is known. 
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Note. It may here be remarked^ that the determination of E 
is a matter of considerable importance when triangles have to be 
solved whose sides are small compared with the radius of the 
sphere on which they are described. The observed angles have 
to be corrected by means of it (70)^ and this Article shews that 
it is employed in Legendre's approximate method of solution. 
How it may be determined from three measured or observed 
parts of the triangle is given in (68.) 

74. To find the angle contained between the chords of 
two spherical arcs which subtend given, angles at the centre 
of the sphere^ the angle between the arcs themselves being also 
given. 

Let AB and AC he the arcs, the centre of the sphere. Let the 
straight lines AO, AB, AC meet the surface of a sphere which is 
described with centre A and any radius AD, in the points D, E, F 
respectively. Then the angle EDF is the inclination of the planes 
BAO and CAO, i. e. the angle contained between the arcs AjB and 
AC, or z A. 

A 

T ArcAB Arc AC , 

Let -^fg-=c, -j^Q-=b, 

Now ^CAO=:i(ir-z AOC) = i (^ - h). 

So z5^0 = i(7r-c). 

And from the triangle EDF, 

Cos EF = cos DF . cos DE + sin DF . sin DE . cos EDF ; 
Or CosEAF=8m^b .sin^c + cos ^6 . cos^c . cos -4 (l). 

75. Two formulae will now be deduced from (74), which are 
convenient for determining the angle EAF practically. 

Let ^EAF = A-e; 

Then 

Cos {A — 6) — cos -4 = sin ^ 6 . sin ^ c + (cos ^ b . cos ^ c - 1) . cos ^ ; 

And since, PI. Trig. (54.), 

Sin ^b , sin ^ c = sin' 4 (^ "*" ^) "" ^^"' i (^ ~ ^)f 
Cos J b . cos ^c = cos* J (A + c) - sin® \{b-~c) 

= l-sin»l(* + c)-sin'l(/^-c); 




c 
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.-. 2 sin (A-ie).sm^e = {sin* 1(6 + c) - sm'i{b - c)} 

- {sin* i (^ "•" + s'^' 4 (^ ~ 0} cos ^ 
= (1 -cos^).sin*l(6 + r)- (1 + cos/l). sin'^^ (A - c)} (I). 

For an approximation to the value of d, take Sin i&= ^0, and 
Sin (A — ^6) = sin A; then, since 

1 - cos A ^ , . 1 1 + cos ^ , . 

— ; — 3 — = tan * A, and — : — 3 — = cot i A, 

smA ^ svciA ^ 

.-. = tan \ A . sin' ^ (6 + c) - cot ^ yi . sin' \{h — c)i 

I 

The number of seconds in this angle is 

Q \ 1 

= -7— -77= . .,// . tan i J . sin'i(ft + c) - . ., . cot 4 J . sin'i (6 - c) ; 
sm 1 sml" * *^ "^ sml" * *^ -" 

and by determining the two terms of the second member of this 
equation separately by means of tables of logarithms, the number 
of seconds in ^ is obtained, and the angle A-O, which is con- 
tained by the straight lines BA and CA, may then be found. 

Cor. If y, z be the measured lengths of the arcs AC, AB, 

. h ^c .7/ ±2 y^z , 

sm — - — = sm '-^ = ••2-- — nearly. 

.*. the number of seconds in Q 

If, then, the radius of the Earth and the sides of the spheri- 
cal triangle be approximately known, the chordal triangle can 
be determined; since its sides can be found by the expression, 

/ arc \ . 

Chord = 2r . sin ( ^ — |- j , and its angles can be determined by one 

of the last two Articles. 

76. Another method is to solve the triangle by the rules 
laid down for the solution of spherical triangles whose sides are 
not small in comparison with the radius of the sphere. In this 
case the logarithms of the sines and tangents of the sides, which 
are very small, must be found by the methods pointed out in 
Appendix iii. to PI. Trig- 



CHAPTER VI. 



ox GEODETIC .MEASURKMENTS. 



77* Geodetic Measurements are employed to obtain a 
correct representation of a part of the Earth's surface which is too 
large in extent to be considered as lying in one plane. 

A horizontal line of considerable length is first measured, which 
is called a base. 

Next, an object is fixed upon, so situated that it forms with the 
extremities of the base a triangle which is nearly equilateral^ Arts. 
71, 72. The angles of this triangle are then measured by a Theo- 
dolite, (an instrument described hereafler in Art. 84), and the 
remaining parts of the triangle computed by some one of these three 
methods : 

1. By the common processes of Spherical Trigonometry, 
Chap. V. 

2. By the Chordal Triangle (74), (75). 

3. By diminishing each of the observed angles by one third 
of the Spherical Excess, and then treating the figure as a plane 
triangle*. (73). 



78. The VM of Geodetic Measurements. 

The form and position of the polygon being thus determined, 
it may be represented on paper according to any projection of 
the sphere, (Hymers' Astronomy, Appendix i.), and a map of a 



• The fir»t of these methods was preferred by Delambre, the second was used 
in the English survey, and the third in the French survey. 
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country obtained. If the object in view be to determine the 

figure and dimensions of the Earth with 

great accuracy, the length of an arc mn, 

which passes through two given points of 

the polygon, may be found by calcula- 

lation. If these points, m and n, be situated 

on the same meridian, and the difference of 

the zenith distances of the same fixed star 

when on the meridian be noted by observers 

sXm and w, the Earth's radius of curvature 

at the middle point of the calculated arc may 

be approximately found. From arcs thus 

measured in different latitudes the figure of 

the Earth has been determined with great 

exactness. (Astronomy, 2nd Edit. Chap. ii. 

Arts. 123—142.)* 




Next, one of the computed sides is taken as the base of another 
triangle, whose angles are observed and sides computed ; and thus, 
by a series of triangles, the figure and dimensions of a polygonal 
area on the Earth's surface are determined. The form of the Earth 
is, in fact, spheroidal, but it is so nearly spherical, that each 
triangle may individually be supposed, without appreciable error, to 
be described on the same sphere. If the triangulation be carried 
over a very extensive tract of country, it will become necessary 
to take into consideration the alteration which a change of latitude 
produces in the Earth's radius. (Astronomy, Art 125). 



79. Base of Verification. 

A side of the last triangle of the series, after being computed in 
this manner, is carefully measured. The degree of exactness with 
which the measured coincides with the computed length tests the 
accuracy of the survey. Any considerable error is easily detected 
in the course of the calculations, in the following manner. (Fig, 
Art. 78.) If the value of h, as calculated from the original base a 
through the triangles A, B, C, D, E, be found to agree closely 
with its value as computed from the same base through a different 



* The student will find this part of the subject treated clearly and concisely 
in the Articles on '* Trigonometry" and "the Figure of the Earth," written by 
the Astronomer Royal for the Encyclopeedia Metropolitana. From Section 179 of 
the former of these Articles, 71 of this treatise has been taken. 



For a more particular description of the details of Geodetic operations any of the 
published accounts of the English survey may be consulted. 
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set of triangles^ as A, R, C E, it may be presumed to have been 
accurately determined*. 



80. Corrections of measurements. — There are several causes 
productive of error in Geodetic Measurements, (l) The refraction 
of light is affected by the perpetual variations of the atmosphere 
in density and temperature^ and thus the observed angles cannot 
always be relied on. (2) It is almost impossible to find a line 
perfectly straight and perfectly horizontal, to measure for a base. 
(3) Neither can a portion of the Earth be found which is altogether 
free from inequalities of surface. To get rid of the errors thus intro- 
duced several corrections are used. Some of these, which do not 
depend on experiment, but are capable of mathematical investigation, 
will now be given. 



(1) If there be a slight rise in the line of the base, to determine 
the reduction to the horizon. 



Let CB be horizontal, CE the line of 
the base, ED the small rise, — which is ob- 
tained by levelling with a spirit-level (83). 
Describe a circle with centre C and raidius 
CE. 

Then BD =.CB-- CD ==CE- CD ^ihe ^ ^ ^^ 

Reduction to the horizon. 

. . j,j. BE' BE' DE' . , 

And 5D=-j^ = ^^ = ^^+, nearly, 

the formula made use of in the English survey of 1784, &c. 




* la the Enfflish trigonometrical survey of 1784 and succeeding years, the 
original base on Hounslow Heath was by admeasurement 27404*2 feet; and the 
base of verification on Salisbury Plane was, as measured, 36574*4 feet, and as 
computed through three different series of triangles, 36574*3, 36574-6^ and 36574*9 ; 
any one of which is an approximation sufficiently near for all practical purposes. 

BE' 6« + «« 



and neglecting powers of a above the first, j: = — , nearly. 



D 
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(2) Let the measured base, instead of being one straight line, 
consist of two straight lines, a and b, enclosing an angle nr — B, where 
is very small, nequired the correction to Jind c. 

c* = a' 4- 6' + 2 a/^ cos ^ 
= fl» + 6' + ^ab . (1 - ^0*) nearly, 

.•.c = (a + 6).{l-^-^,.a»|, nearly; 

^ ' 2 (fl + 6) 

ith 
.•. Correction = (a + /^) - c = r-, r; • ^• 

Or if be an angle containing n", where n is very small, 

, ... 1 1 fl/^ . (» sin I'O' flftn'.sinl" 

the correction, in seconds, = -: — -77 . — —7 -rr-^ = — tti Ia — • 

sm 1" 2 (a + 6) 2 (fl + 6) 

[In practice it is seldom necessary to apply this correction.^ 

(3) From observations made at a point D which is at a small 
known distance from a signal C, required to find the angle which 
A and B subtend at C. 

Let the angles BDA and ADC be observed at D. The dis- 
tances CB and CA are known approximately from the base AB 
and the observed angles BAC, ABC. 

Then z BDA + z DBE = exterior angle BE A 

= zBCA + nCAD, 
.'. The reduction, viz. iBCA— zBDA, 

^zDBE'-zCAD 

= sin jlDBE - sin z CJD, nearly, 

= ^. sin 5DC-^ sin ^DC 
-rn f sin i^DC sin .IDC) 

CD r sin BDC sin ^DC ) ^ 
"' — P • I — CR r\l — f ' ^""^^ expressed m seconds. 




or = 
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(4) The angles of elevation or depression^ being small quantities, 
of two objects having been observed, and also the angle the objects 
subtend at a certain pwnt, to Jind the horizontal angle they subtend. 
(Encycl. Metrop.) 

Let Z be the Observer's zenith, CDRO his horizon, A and B 
the two objects; zBOA = 0; zDOC, 
its reduction to the horizon, = 6 + x; 
CA = h, DB^h'. 

At 

From the AAZB, 



Cos CZD = 



cos 6 — cos ZA . cos ZB 
m ZA . sin ZB 

cos — sin A . sin A' 
cos h . cos A' * 

Making Sin h = h, CosA = 1-^A', and neglecting powers of the 
angles above the second, this becomes 




Cos CZD = 



cos 6 — hh' 



l-i(A« + A'0 

= (cos - A A') • {1 + 4 (^* + ^'*)}> ^^^Yf 
= cose- AA'+ i (A*+ A'*) . cose. 

But Cos CZD = cos (e + x) s cos . cot x - sin . tin x 

=: cos e - X . sine, nearly. 

And from these two equations, 

sm e * ^ -^ sm e 

Nowifp=A+A',and9=A-A'; then AA'=i(p«-0» ^+^'"=4(p*+9'); 

*(sme ^ ^^sine/ 

, 1 -cose , 1 + cose 



iff 1 -cose , i+cose| 
"*-|^-"lhre ^ -"isre"! 

= i . {p*. tan i e - qi*. cot ^e}. 



D — 2 
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In seconds^ this correction 

= — 4--y,.{(|>'sinl'0*.tanja-(^8inl'0".cotiO}, where 

4 • sin X 

!>'> 9' are the seconds in the angles p and q, 

= i sm 1". {p'». ten ^e - q''. cot i 0}. 

Note. This reduction is not required when a Theodolite is used. 



INSTRUMENTS USED IN SURVEYING. 

81. Dbp, Thb Vernier is a contrivance for subdividing equal 
divisions that have been made on a straight line or a circle. 

p 



I I I I I M I 11 I i it \ \ 1 



I I I I I I 1 1 I 
Q R M 



AB is a portion of a straight line^ or a circle^ which is divided by 
straight lines at right angles to it into any number of equal parts. 
CD, the Vernier^ is another scale^ which slides along AB when AB 
is a straight line^ and revolves round the centre of AB when it is a 
circular arc. 

If it be required to subdivide each of the divisions of AB into n 

equal parts^ teke QM = w - 1 of these parts, and divide QM into n 

equal parts by straight lines at right angles to it; if a be the length 

of a division of AB, the magnitude of each of these parts will be 

«-l 

. a. 

n 

Let R, the r"* division from Q, coincide with a division on AB ; 

then PQ = Pi2-Qi2 = ra-r.?^a = r.-, and the length of PQ 

n n 

is known. 

Ex. If the original divisions were an inch^ and nine inches were 
divided into 10 parts on the Vernier^ then, supposing that the ex- 
tremity of a line AQ which it was wanted to measure came to Q, and 
that the inches marked at P were p, if the third division of the 
Vernier coincided with a division on the scale, the length required 

would ^® (l' + 77;) inches. 
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82. The Spibit-Levbl is a glass tube DABE of circular bore, 
which is ground into the form of a circular arc of very large radius — 
sometimes 800 feet. It is then nearly filled with some fluids and the 
ends are closed. 

If the instrument be placed in a ver- 
tical plane, and the extremities D and E 

rest on a horizontal surface, the bubble D £ 

(AE) of air lefl in the tube will be at the highest part of it; and if 
E be gradually raised the bubble will continually keep moving 
towards E*, 

If there be a plane of an instrument (such as a Theodolite) which 
it is necessary to bring into a horizontal position, it is provided with 
two levels, as nearly equal to one another in every respect as 
possible, which are placed at right angles to each other and per- 
manently attached to the plane. The instrument-maker marks the 
positions of the bubbles when the plane is horizontal, and therefore 
if the bubbles occupy these positions on any occasion, the plane to 
which the levels are attached must then be horizontal. 

If the plane be inclined at any angle to the vertical and the 
positions of the bubbles be noted, then if at a second observation 
they occupy the same positions, the plane will have the same in- 
clination to the vertical which it had before. 



83. To level between two points. 

For the purpose of finding the altitude of one point above an- 
other point, a level is attached to a telescope, and so adjusted that 



* The grinding the bore of a Spirit-level is done with a plug of metal covered 
with emery. The elasticity of the glass, assisted probably by that of the metal 
of the plug, enables the workman, bjr means of pressure on the outside, to wear 
away any particular nortion of the interior surface he chooses. I^ after the grinding 
is finished, the bubble be found to move through equal lengths of the tube tor equu 
increments of inclination, and to be always of the same length, the bore of the tube 
must be uniform, and the form of the tube a truly circular arc. 

If / be the length through which the bubble moves in consequence of an 
increase of n" in the inclination {n being a small quantity), the radius of the 

circular arc = t-^t? = — x 20626d. 

n . sm 1 n 

Ether is the best fluid with which levels can be filled; because in ether the 
bubble is found to come into a state of rest in the shortest time after a sudden 
displacement. 



the optical axia of the telescope ia bomontal when the bubble is at 
the middle of the level. 



Let there be two staffs set up vertically, 
^B, CD; and when the instrument is at j4 *p 
and its asis is horizontal, let the point C be *■ l- 
seen on the cross wires ; and when the instrument ii 
with its a 



■ placed at D 
s horizontal let E be seen on the cross wires ; then, by 
measuring AB and CD, EF the altitude of £ above the horizontal 
line AF passing tiirough A is found. The operatiofi can be repeated 
as often as it may be necessary. 



84. Thb Thbooolits. _ This is ao instrument for measuring 
the angles of elevation of objects above a horizontal plane ; and also 
the horizontal angle which two objects subtend at the observer'a eye. 

The accompanying 6gure ia an elevation, (or projection on a 
vertical plane by lines perpendicular to the plane,) of a Theodolite, 

The two circles / and K fit close to 
each other, the lower one having at- 
tached to it three horizontal bars, mak- 
piSl angles of ISO" with eacfa other, on 
WSch the instrument rests. The feet 
of the instrument are three screws, 
JIf, M, M, working in these bars ; 
and by moving the screws in one di- 
rection or the other, the planes of the 
circles / and K, which mre parallel 
to each other, can be brought into a 
horizontal position. 

The upper circle / is graduated, 
and revolves with the utmost possible 
nicety upon the lower circle by means <^ an axis attached to the 
upper circle, and working within the collar L which fmrns a part of 
the ti-ame of the instrument. The circle K has two Verniers en- 
graved upon it, and in the best instruments the diviuons are read of 
by microscopes attached to the Vraniers. 

To the revolving circle /, which is called "the limb" of the 
Theodolite, two levms at right angles to each other are attached. 

To this circle also two stands 
each other; one of which {DOE) 




^F~^7^ 



re fixed diametrically opposite t 
a here represented, supporting a' 



u.ds parallel to the revolving circle /. To this axis a circle ABC is 
permanently attached at right angles to it; and a telescope {GH) is 
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fastened to the circle^ with its line of colliniation perpendicular to 
the axis of the circle. The circle and attached telescope revolve 
along with the axis in such a manner that the whole can turn com- 
pletely round without touching '* the limb" of the instrument The 
rim BB of the circle is graduated ; and there are two Verniers, A 
and C, unconnected with the axis, but carried by a support which is 
seen to enter the circle / (but not the circle K) at F. 



85. To explain how the Theodolite is used. 

The two circles / and K are first rendered horizontal by length- 
ening or shortening the screw-feet. The limb is then turned round 
upon the lower circle until the plane of the vertical circle passes 
through the object whose altitude it is required to find, and the axis 
carrying the vertical circle is made to revolve until the observer, on 
looking through the telescope, perceives the object on the cross 
wires with which the telescope is furnished. The graduations at 
the points of the rim of the vertical circle which are opposite to the 
beginning of the scales engraved on the Vernier plates are then 
read off. 

Next, without touching the axis to which the telescope is at- 
tached, the limb is made to revolve through 180®. The plane 'of 
the vertical circle again passes through the object, but the direction 
of the telescope (A'B^ is now as much depressed 
below the horizon as it was before (AB) elevated 
above it. Let the vertical circle and its axis be turn- 
ed in the direction A'AB' until the object is again 
seen on the cross wires of the telescope; the te- 
lescope A'B' is therefore now brought into the same 
direction {AB) that it had at the first observation. 
The graduations are again read off at the Verniers, and the number 
of degrees marked on the arcs AA\ BB^ of the instrument, (which 
are the arcs that have passed between the two Verniers), is four 
times the zenith distance of the object. 

[For let O be the real centre of the graduated circle ; then twice the zenith 
distance is BPB'^ or APA'-^ join BA'y AB'; 

.-. 4 X zenith distance = BPB' + APA' = (PAS' + PB'A) + {PBA' + PA'B) 

= BAB' + ABA + ABA' + B'A'B 

^2 BAB' + 2 ABA' = BOB'+AOA'; Euclid iii. 20. 

= sum of the differences of readings at the Verniers at 
the two observations. 
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It appears, therefore, that any errors arising from the axis of rotation of 
the circle not coinciding exactly with the centre of its graduation are wholly 
avoided by using the instrument in this manner. (Astronomy, Art. 117*)] 

To observe the horizontal angle between two objects^ the limb 
of the Theodolite is made horizontal, and the angle is noted (by 
four readings off, as in the last case) through which the limb 
revolves to bring the two objects successively on the cross wires 
of the telescope. 



86. The Repeating Cibgle was the Instriwient used in the 
French surveys for observing the angles. The observations, how- 
ever, which are made by it, are of questionable value for this reason^ 
that although the errors of imperfect graduation (which are but 
slight, if the instrument be a good one) may possioly, as they are 
probably, destroyed by repeating the observations and taking the 
mean of them, yet, for anything that can be known to the contrary, 
the errors arising from the inability of the observer to distinguish 
the position of a point with peHect exactness, may have been 
accumulating all the while. 

Also, from the construction of the Repeating Circle, it is scarcely 
possible to avoid errors arising from the inslahilily of the instru- 
ment. 



"1 



CHAPTER VII. 

ON (l.) THE SMALL OOBRESPONDING YABL^TIONS OF THE PARTS OF 
A SPHERICAL TRIANGLE; AND (u.) THE CONNEXION EXISTING 
BETWEEN SOME F0RMUL2B IN SPHERICAL TRIGONOMETRY AND 
ANALOGOUS FORMULJB IN PLANE TRIGONOMETRY. 



I. The process of Differentiation can be applied to determine 
the errors introduced in determining the other parts of a Spherical 
Triangle from three given parts^ when one of the given parts is 
affected by a small known error. 

87. If G a/nd c remmn constant^ the corresponding small 
variations Ba and Sb of the sides a akd b are conmctea hy the 
equation^ 

Sb . cos A + Sa . cos B s 0. 

Considering C and c constant^ and differentiating with respect 
to a the formula Cos C . sin a . sin 6 = cos c — cos a • cos b, 

Cos C . {cosa . sinfe + djb . cos6 . sin a) = sina . cos6 + djb . sin 6 . cosa ; 

.*. Cos C . {3a . cos a . sin 5 -t- S6 . cos b . sin a] 

= Sa . sin a . cos6 + 36 . sin 5 . cosa, nearly ; ha and hb being 
small corresponding increments of a and b ; 

.'. = 3a . {sin a . cosb — cos C . sin 6 • cos a} 

+ 35 . {sin b . cos a - cos C sin a . cos b\ 

= 3a . cos J5 . sin c + 3 6 . cos A .sine; by (iv.) 

.'. = 3a . cos J5 + 36 . cos A, 

This method is always applicable. A small spherical triangle, 
however^ is frequently treated as a plane triangle after the following 
manner; particularly in establishing formulae for calculating the 
corrections used in Astronomical investigations. 
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88. If c, the side opposite the right angh in a rigkt- 
angled spherical triangle, receive a smatt known increment, 
to determine the corresponding increments of the sides en- 
closing the right angle. 

Let AB^^c, BD = hc, zBAC = w. Draw 
DE perpendicular to AE, and let BF be an arc 
of a smsll circle which has the same pole as ACE ; j^ 
BF is therefore parallel to AE, and perpendicular 
to DE. 

Now^ considering BDF as a small plane triangle, 

^^^cosDBF^anABC; 
cc 

for zCBFr^9(f, and .-. z ABC ^ gCf' - ^ DBF ; 

.'. 5F = Bc. i7>,, by Napier's Rules. 

cos^C ^ *^ 

.■.Z(Aq, or CE. . J^ . (IS). =Sc.3^ (1). 

Again, I (BC) = FD = he. sin DBF 

= Be. cos>^jBC=^Sc.sina>. cos^iC (^). 

[Cor. If ut be constant, it will be seen that 



{ 
{ 



i(AC) has its greatest value, when jBC is the greatest. 
d(AC) least , when BC m dP. 

S(BC) has its greatest value, when AC ^ O^y or 180<^. 
d(BC) least , when AC ^ W. 



This result shews, that if the Sun's daily motion (ie) in longitude be nearly 
constant (as it is in fact]|, his greatest daily change in Right Ascension, i{AC)y 
is at the Solstices, and his greatest daily chang^e in Declination, d(BC), is at the 
Equinoxes; and nis least daily changes in Right Ascension and in Declination, 
are at the Equinoxes and Solstices respectively. 

Also ; since when BC and AC toe small angles the variation in magnitude of their 
cosines is then the least, it appears from (1) and (2) that the daily change, both 
in Right Ascension and in Declination, is more nearly proportional to the change 
in lon^tude, (that is, to the time), when the Sun is near the Equinoxes, than when 
he is m any other part of his apparent orbit (Astronomy, Art. 171.)] 
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11. 89. From the farmtila, o.— w = -?-t- » which is true 

' ' SinB sinb 

for a Spherical triangle^ to dechbce the tmalogom formula in 
the dise of a Plane triangle. 

Let a\ b' be the lengths of the arcs sabtending the angles A and 
B; r the radius of the sphere. 

And if a' and 6' be indefinitely small compared with the radius 
of the sphere, this formula becomes 

^^ — = = p ; a property of Plane triangles. 



90. And in like manner as in the last Article, from theformuUe 

^^^^ co8a-co86.co8c ^^^^ 8in|(a-6) ^^ 

smo.smc *^ '' sm^(a + 6) * 

there may he deduced these analogous formulae of Plane Trigo- 
nometry. 

a' -h ft'* + c^ - a" 
Tan i (>i - J5) = ^7-j-^, . cot i C, and Cos>i= ^^ — . 



91. PROB. If two arcs of great circles intersect each other 
in a small circle, the product of the tangents of the semi-segments 
of the one is equal to that of the tangents (f the semi-segments 
of the other. 

Let AB, CD be the arcs intenecting in a point E within 
the small circle whose pole is P ; FEPG an arc of the great 
circle through E and J*; PQ perpendicular to AB, 

Then AB is bisected in Q, and APQ, BPQ are equal °' 
triangles in every respect. 

Also PA^PB = PF^PG. 
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By Napier*8 Rules, 

Om PE = cos EQ .COB PQ, and CobPA ^ cob AQ. cm PQ; 

Cos ^Q- cos ^Q _ cos PE- CM PA 
'** Cos EQ + cos AQ~ cos PE + cos P^ * 

.-. Tan^iAQ + EQ) .tan^(AQ^ EQ-) = ULa^(PA + PE).tBn i (PA- PE), 

or Tan i BE. tan^EA^taji^GE. tan ^EF 

E tan I CE . tan 1 ED, in like manner. 

Cor. If a', h' represent the lengths of the segments of the arc AB, and c'y cT 
represent the lengths of the segments of the arc CD, and these quantities be 
indefinitely sm^ compared with the radius of the sphere, this formula becomes, in 
the case where the raaius of the small circle vanishes with respect to the radius of 
the sphere, a'b' = e'd*; which agrees with Euclid iii. 35. 



CHAPTER VIII. 



ON THE REGULAR SOLIDS. 



92, Dbfs. (1) A Polyhedron is a solid bounded by plane 
rectilinear figures. 

If the bounding surface be any timilar and equal regular rectilinear figures, 
the polyhedron is called a Regular Polyhedron. 

(2) A Tetrahedron is bounded by four equal and equilateral 
triangles. 

(3) A Hexahedron, or Cube, is bounded by six equal squares. 

(4) An Octahedron is bounded by eight equal and equilateral 
triangles. 

(5) A Dodecahedron is bounded by twelve equal and equi- 
lateral pentagons. 

(6) An Icosahedron is bounded by twenty equal and equilateral 
triangles. 

It will be proved hereafter that no more Regular Polyhedrons exist than these 
five. 



93. In any Regular Polyhedron^ ij 

F = number of Faces^ S = nwmher of Solid a/ngles^ 

E = number of Edges^ m = number of sides in each face ; 

then 2E = mF, and S + F = E + 2. 
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(1) Since every edge is made by two sides^ the whole number 
of sides in the polyhedron is 2E, and this 

= number of faces x number of sides in a face, 

.'. 2E = mF. 

(2) Take any point within the polyhedron as the centre of a 
sphere whose radius is r, and join it with each of the angular points 
of the polyhedron. Let the points in which these lines meet the 
surface of the sphere be joined by arcs of great circles ; the surface 
of the sphere will then be divided into as many polygons as the 
polyhedron has faces^ and the Area of one of these polygons 

^jrt^ ( angles of the polygon ) _ 

ISO^** t -(number of sides of polygon -2). 180* r ^^ ^w. z. 

-. Area of all these polygons 

_ frr* ( angles of all the polygons on the sphere ) 
"^180°* (-(number of all the sides - 2 jP). ISO* j 



wr' 



. {S . 360 - (E - F) . 360} = 2wf'.(S'E-^F). 



ISOP 

But Area of all the polygonal areas = area of the sphere « ^irf* ; 

.'. S-'E + F=2, 

and S + F = E + 2; 

These results are evidently true whether the Polyhedron be 
Regular or Irregular. 

94. The sum of all the Plane Angles which form the Solid 
Angles of a Regular Polifhedron = (S - 2) , SSCP. 

For the Plane angles = sum of all the Interior Angles of each face. 

= jF . (wi - 2) . 180*. Eucl. I. 32. Cor. 1. 
= 2(E-F). 180<>1 
= (^-2). 360* / ^^' 
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95. To prove that in a Regular Polyhedron 



2(m + n)-mn' 2(m + n)~mn' 2(m + n)-mn' 

where m and n are respectively the nwmher of Sides i» every 
Face ami the number of Plame Angles in every Solid Angle. 

Since every face has m plane angles^ 

.*. number of the Phme Angles which form all the Solid Angles 
= mF, and .% = Sn. 

Hence, (93,) Sn=^mF ^2 E; and since S^F^E + 2, 
r. S = —p r ; E^-rz r ; F = 



2 (»i + n) — m» ' 2 (m + n) " mn ' 2{m-hn) — mn 

96. There can be bwt five Regvia/r Polyhedrons. 

In any regular polyhedron^ m, n, S, E, F must each be 
positive integers. 

In order that the values of S, E, F, obtained in the last Article^ 
may be positive, 2 (m + it) must be greater than mn; and that each 
of them may be integral, ^tn, ^mn, and 4 it must be severally 
divisible by 2 (w + n) - wt«. 

Now if 2 (m + 7t) be greater than mn, 

111 111 

— + _>--, or — >- ; 

m n 2 9it 2 » 

but n cannot be less than 3 ; 

,\ — cannot be so small as - - - , ^ s ; 

Therefore, since m must be an integer, and cannot be less than 
3, it can only be 3, 4, or 5. 

Similarly, since - > ^ , and m cannot be less than 3 ; 

n X tn 

.*. the values of n can only be 3, 4, and 5. 



It will appear, aa trial, that the only values of m and » which 
satisfy all the required condittoiu are the following. Each regular 
solid takes its name from the number of it« plane faces. 



«. 


n. 


S. 


E. 


J!'. 


Nune of the Regulw Solid. 


3 


3 


4 


6 


4 


Tetrahedron. (Regular Pyramid.) 


4 


3 


8 


12 


6 


Hexahedron. (Cahe.) 


3 


4 


6 


13 


8 




5 


3 


20 


30 


12 


Dodecahedron. 


S 


5 


12 


30 


20 


Icosohedron. 



Cob- If 2 (m + n) = mn, S, E, and F become infinite quantities, 
and ^e solid itself becomes a sphere. 



97. If 1 be the incUnaHon of tioo e&atiguom facet of a 
Secular Pofyhedront 



then. Sin ^ I = 



Let C and B be the centres of two adjacent 
faces whose common edge is AB ; bisect AB in 
D, and join CA, CB; CD and ED are manifest- 
ly perpendicular to AB, and .-. ^ CDE = I. 

In the plane CDE draw CO and EO at right 
angles to CD and ED respectively ; let these 
lines meet in 0; join OA, OB, OD. 

About as centre describe a spherical sur- 
face which is cut by the planes AOD, DOC, 
CO A in ad, dc, ca. 



Now since AB is perpendicular to CD and 
to ED, it is perpendicular to the plane CDE, 
and therefore the plane AOB, in which AB lies, 
is perpendicular to the plane C0£; .*. ^aifc is aright 

And, ^cad 

— 180° -?■ number of edges which meet in a solid angle 

= 1 80° 4- number of plane angles which meet it 
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. . , f A ^ which each side of a plane face ) 1 36(f 1 80° 

Also zacd=: <, , ., *• 1 n ?•="• = • 

( subtends at the centre of the face ) 2 m m 

Now by Napier's Rules^ Cos ^cad = cos dc .sin lacd, 

^ 18(y> , . 180° 

.*. Cos = cos ac . sin - : 

n m 

And Cos dc = cos DOC = cos ^ COE = cos ^ (18(y» - CDE) = sin ^ / ; 

180» 
cos-^ 

.*. om ^ i = ^ igQo • 
sm 

Again, Since « = -o" • • -(95), and m =-=-,. . .(93), 

cos (|. goo) 
sin (-.900) 



98. To find the Radim of the Sphere which may he inscribed 
in a Regular Polyhedron. (Fig. Art. 97.) 

OC = OE, (=r), is this radius. Let AB = 2a. 

Then CD = AD. cot ACB= a . cot ACD = a . cot i^--; 

m 



And r = CD. tan CDO= CD .tan ^/ = a. tan ^7. cot 



180 ' 

9IZ 



tO 



99. To find the Radius of the Sphere described about a 
Regular Polyhedron. (Fig. Art. 97.) 

OA = OBf (= R)y is this radius. 

And r -K . cos ac = K . cot aca . cot cad=^ R. cot . cot . 

97t It 

' ^ 180^ , 180^ . , r . 180^ 1 /..ON 

.'. ic = r. tan .tan = a. tan A /.tan , by (98). 

m n * n ^ ^ ^ 

E 
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100. If 2a, an edge of the polyhedron^ be ^ven^ and the 
formulse of the last two Articles be applied to determine the values 
of R and r in the five regular polynedrons^ the same values will 
be obtained for both the hexahedron and the octahedron> and for 
both the dodecahedron and the icosahedron. Hence each of these 
pairs of regular polyhedrons may be inscribed in^ or circumscribed 
about^ the same sphere ; each of the polyhedrons in the pair having 
the same edge. 



101. To find the Volume of a regular Polyhedron, 

From in Bg, Art 97, draw OA, OB, &c. to all the angles of 

the solid, which will thus be divided into F pyramids, whose 

common altitude is r, and common base, being the area of a face> 

AB 
= m . — - . CD = m.a , CD = w . a . r . cot ^ / ; ... (98). 
/& 

.*. Whole Volume = J . i^ . wi . a . r* . cot ^ / 

1 qao 

= J . F . m . tan i / . cot« ^^^ . a\ by (98). 
Cor. Therefore in similar Polyhedrons, Volume oc a\ 



102. In a Parallelepiped^ given the three Edges which meet^ 
and the Angles between them^ to find the Altitude^ Surface^ and 
Volume^ of the solid. 

Let AO, BO, CO be the three 
edges meeting in the point 0; and 
let 

jlBOC^A, z^COA = B, lAOB^C. 

OA = a, OB = b, OC = c. 

S=i{A + B + q. 

CD perpendicular to the plane AOB. Join OD, BD, DA. 




About describe a spherical surface, and let it be cut by the 
planes AOB, BOC, COA, DOC in ab, be, ca, dc. 

Then, the angles at d being right angles. 

Sin dc - 8in ac .sm cad, or Sin DOC = sin J? . sine flrf; 



(yl 



Andj by (xviii.), 



Sin cad = . ^^^ . ^{sin S, sin (S-A) . sin (S-B) . sin (A'- C)} ; 

sin JO • sin vx 

.-. DC = c. sin DOC = -4^.^{8in5'.sin(5'-^).8in(^-J5).sin(5'-C)}. 

sin o 

The Surface = 2 . {6c . sin i4 + ac. sin I? + a6 . sin C}. 

Th VI - / Volume of rectangular parallelopiped on the 
" \ same base^ and of the same altitude^ 

= area of base x altitude. Euclid xi. 31. 

= 2abc. J{sm S . sin {S - A) . sin {S - B) . sin (S - C)}. 



103. The same things being given^ to determine the Diagonal 
which passes through the Solid Angle O. 

Let D be the diagonal required; and suppose OdD in the fig. 
Art. 102, now to be in the direction of the diagonal of the face/^O^. 
Let this diagonal = d. 

Then (i»= a'+ 6* + 2a^ . cosC, 

and D»= c» + d'-2crf. cos (180° -Z)OC) 

= c' + d*+2crf. cos DOC, 

= a* + 6' + c* + 2crf . cos DOC + 2ah . cos C. 

Now Cos DOC = coscc{ = cos ac. cos a(/ + sin ac. sin ac^. cos 6ac 

cos A — cos B , cos C 



= cos B . cos a(/ + sin ^ . sin ad . 



sin ^ . sin C 



-^ — 7= . {cos J5 . sin C . Qosad - cos B . cos C . sin a c? + cos A . sin ac/S 
jin C * * 



. — v^ . {cos -B . sin (C - acO + cos A . miad\ 
in C * '^ * 



sin 



1 

-i —77 . {cos B . sin -BOD + cos A . sin ^40D}. 
sin C * ' 



m 

a sin BOD , 6 sin AOD 

^ r^^r^ry « • COS 5 + 6 . COS -4 

.'. Cos DOC = J . 

a 

And D* = a*-f6* + c' + 26c.co8i4 + 2ac . cos 5 + 2a6 . cos C. 
.'. 2) = ;y{a* + 6" 4 c" + 26c . cos i4 + 2ac . cos -B + 2a6 . cos C}. 

Cor. 1. At the solid angle C, 

The Cosine of the angle between c and 6 = - cos COB = - cos A, 

c and a = — cos5, 

a and b = cosC; 

Therefore the square of the diagonal through C 

= a^ + b^ + c^'-2bc, cos A - 2ac . cos B + 2ab. cos C 

Similarly^ the squares of the diagonals through the other solid 
angles, B and A, are^ 

a' + 6' + c' - 26c . cos -4 + 2ac . cos -B - 2a6 . cos C, 

a' + 6' + c* + 26c . cos ^ - 2flc . cos -B + 2a6 . cos C, 

CoR. 2. Hence it appears that the sum of the squares of the 
four diagonals 

= 4(a»+6« + c»). 
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EXAMPLES FOR PRACTICE. 



1. If two arcs of great circles intersect at right angles in a point 
in the circumference of a small circle^ then if one of them touc^ the 
small circle, the other bisects it 

2. On the surface of a sphere draw a great circle passing 
through a given point, and touching a given small circle. 



IN A BIOHT-ANOLBD SPHBBICAL TBIANOLB, C BBINO 

THE BIGHT ANGLE. 

3. 2 COS c = COS (a + 6) + cos (a — 6). 

4. Tani(c + a).tani(c-a) = tan»i6. 

5. Sin'4c = sin*ia.cos"i6 + cos' ^ a . sin* ^ 6. 

6. Sin' h . cos' a = sin (c + a) . sin (c - a). 

7. If there be two right-angled spherical triangles ABC, AB'C^ 
having the angle A common to both. 

Tan i (a + a') . tan i (c - c') = tan i (a - a') . tan i (c + c'). 

8. If a, p be the arcs drawn from C, respectively perpendicular 
to c and bisecting c ; 

^ #r . .IN r^ ^ a C0Sa + C0s6 

Cot o = J (cot' a + cot' 6) ; Cot ^ « », , , — . . g.v , 

c- 1 8in/3 

Oin AC— y/ ; — s — V . 

* ;y(l + sm' a) 
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IN ANY SPHERICAL TRIANGLE. 

9. If each of the three sides be quadrants^ and a, fi, y be the 
distances of a point within the triangle from the angular points; 

Cos' a + cos"/3 + cos' 7=1. 

10. If d be the length of the arc which bisects C and is 
terminated by the opposite side^ 

Tan d,8in(a + b) = 2 sin a . sin 6 . cos ^ C 

11. If a and b be nearly equals 

fl = i (a + 6) + tan ^ (flr + 6) . tan ^ (i4 - 5) . cot i (^ + B), very nearly. 

12. If one angle of a triangle, plane or spherical^ be equal to the 
sum of the other two angles^ the greatest side is double of the 
distance of its middle point j&om the opposite angle. 

13. Find the locus of the vertices of all right-angled spherical 
triangles which have the same hypothenuse ; and from the equation 
prove that the locus is a circle when the radius of the sphere is 
infinite. 

AREAS. 

14. Divide, by drawing an arc from an angle to the side 
opposite^ a given triangle into two others whose areas are in a 
given ratio. 

15. The sides of a spherical triangle are each 111°, 28'; find its 
angles^ and shew that its area = ^ surface of the sphere. 

{1 1 1«, 28' = 2 X {55\ 44'), and Tan ^ {55^ 44') = ,J2}. 

16. If E be the Spherical Excess, 
n 4. \ TP cot ^a .cot ^6 + cos C 

Cot s ii = ; — 7^ , 

* sm C 

1 + cos a + cos b + cos c 



or = 



Cosi£ = 



2 J{smS . sin(^S -a) , sm{S -b) , sin{S -c)\ 
1 + cos a + cos b + cos c 



^ 4 cos ^ a . cos ^b.cos^c* 
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. ^ 1 17 ^" i ^ ' ^^^ ^ c . sin ^ tan' ^ b . tan' ^ c . sin 2 il 

In s6Conci8. A /!# = — ,-- ... — . — -», 

^ sm 1" sm 2" 



tan' ^ 5 . tan' ^ c . sin 3 A 



sin 3" 

17* Determine the area of a spherical triangle from the data 
a, b, C; and shew that if a and b be constant^ and also a + 6 be 
less than ir, the area admits of a maximum value. 

18. The angles of a spherical triangle^ of which the area is 
:^ . Trr*, where r is the radius of the sphere, form an arithmetic 
progression of which the common difference is 45°. Find them. 

19. If the sides AC, BC of a triangle be produced to D and E, 
points such that Tan ^^C.tan^5C = tan^ DC . tan ^ EC, and DE 
be joined by an arc of a great circle, the triangles ABC, CDE 
are of equal area. 

20. If S be the surface of a spherical triangle whose angles 
are each 120^ and S^ that of its polar triangle. 

Tan J/S' : Tan J/S"=6 ^2 + ^3 : 2 ^2 - n/s. 

21. If a be one of the n sides of a regular spherical polygon, its 
surface (S) may be found from the equation 

f>, fr — i S IT . 

Cos ~ — = cos — . sec i a. 

n n ^ 

22. The Spherical Excess of a triangle is l"'5. Find its area, 
the radius of the Earth being taken to be 7757 miles. 

23. If the three sides of a spherical triangle measured on 
the Earth's surface, be 12, l6, and 18 miles, find the Spherical 
Excess. 



24. A plane triangle whose sides are a, b, c, is placed in 
a sphere of radius r. Prove that the angle between the arcs of 
the great circles of which a and b are the chords is a right 
angle, if 2r . J(a^ + b^-(f) = ab. 

25. If P be the pole of the small circle circumscribing a 
triangle ABC, prove that z APB is double of the angle between 
the chords of AC and BC, 
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26. If t be the inclination of a plane to the horizon^ and 
a the inclination of a line in it to the intersection of the plane 
with the horizontal plane^ the inclination d of the line to the 
horizon will be found from the equation 

Sin d = sin t . sin a. 

27. If Z be the zenith^ K the pole of the limb (which is not 
exactly horizontal) of a theodolite^ ana iS be an object whose azimuth 
is obs«;rved^ the error is, known from the equation^ 

^ SKZ - z SZK ^KZ.cotSK. sin SZK. 

28. If Z be the zenith, K the pole of the circle of a 
theodolite, which is not exactly vertical, and KZ be produced to 
CZ till KQ is a quadrant, then if jS be an object whose zenith 
distance is to be observed, the error of observation is known 
from the equation, 

SQ'-SZ^ cot SQ . sin i QZ. 

29. Given two sides, a and b, of a triangle, plane or spherical, 
and the included angle C, to find the variation produced in A cor- 
responding to a small given variation in C. 

30. If a solid be bounded by plane figures, of which some 
have an odd and some have an even number of sides, shew 
that there must be an even number of those faces which have 
an odd number of sides. 

31. If r, R be the radii of the spheres described within 
and about a regular tetrahedron, r', R^ the radii of the spheres 
to which the edges, and one face and the planes of the three 
others produced, are respectively tangents, prove that 

r'=V^, and R' =^ JOrR. 

82. Given the six edges of a triangular p3n*amid, to find 
its volume. 

33. Of all triangular pyramids of given volume, the regular 
tetrahedron has the least surface. 



«-^' 
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